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Abstract 


The  subject  of  this  report  is  the  asymptotic   theory  of  solutions,  u,  o f  the 

2 
reduced  wave  equation,  ^  u  +  k  u  ■  0,   defined  in  infinite  domains. 

In  Section  1  we  furnish  new  proofs  of  three  well-known  theorems  concerning  u. 
These  are  Rellich's  growth  estimate,   the  uniqueness  theorem  for  the  exterior 
boundary-value  problem,  and  the  representation  theorem,     A  new  result,    the  re- 
presentation theorem  for  u  when  the  boundary  of  the  domain  of  definition  of  u 
is  infinite,  is  also  given. 

In  Section  2  Rellich's  growth  estimate  is  extended  to  solutions  of  the 
2 
equation  A  v  +  k  (x)v  ■  0.     From  this  result  we   are  able   to  deduce  various 

uniqueness  and  representation  theorems  for  solutions  of  this  equation. 

In  Section  3  we  show  that  the  normal  boundary  values  of  a  radiating  solution, 

2 
u,  of/\u+ku«Ois  bounded  by  a  homogeneous  quadratic  functional  of  its 

boundary  values.     This  result  combined  with  the  representation  theorem  for  u 

2 

yields  an  L  -maximum  principle  for  u. 

Finally,  in  Section  U  the  behavior  of  u  when  the  parameter  k  becomes  large 
is  considered.  We  explain  the  method  of  G,  Birkhoff  for  obtaining  formal  asymp- 
totic expansions  for  u,  and  deduce  several  results  concerning  the  exist,ence  and 
validity  of  these  formal  expansions. 
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2 

1,       Uniqueness  and  representation  theorems  for  solutions  of  Au  ■♦•  k  u  -  0 

In  19U3  F.  Rellich'-  ^^  deduced  the   so-called  growth  estimate  for  solutions 
of  the  reduced  wave  equation 

(A)  /^  u  +  k  u     -     0. 

This  estimate  applies  to  solutions  defined  in  the  exterior  D  of  a  boxmded  do- 
main.    Using  this  estimate,  he   showed  that  u  is  identically  zero  if  it  is 
zero  on  the  boundary  B  of  D  and  satisfies  the  radiation  condition. 

Here  we  present   a  new  proof  of  the  growth  estimate  which  seems  to  be 
simpler  than  Rellich 's  original  proof.     The  method  of  our  proof  is  similar 
to  one  which  is  used  in  deriving  the  mean  value  theorem  for  solutions  of  (A) 
(see    [l5]).     By  means  of  the   same  method,  we  obtain  the  well-known  theorem 
concerning  the  representation  of  u  as  a  sum  of  single  and  double  layers. 
Our  proof  of  this  theorem  has  the  advantage  that,  apart  from  the  radiation 
condition,  it  makes  no  use  of  asymptotic  properties  of  u.     The  method  is 
also  used  to  obtain  a  new  reeult,  namely  a  representation  theorem  for  u  in 
the   case  where   the  boundary  B  of  D  is  infinite. 

The  idea  of  representing  a  solution  of  (A)  as  a  sum  of  single  and  double 
layers  dates  back  at  least  to  Poincare,     The  formal  result  appears  in  Sommer- 
feld's  1912  paper L    J,     The  proof  of  this  result  follows  trivially  from  the 
radiation  and  boundedness  conditions  when  B  is  bounded   (see  e.g.,    [l] ) . 
Since  these  conditions  were  introduced  by  Sommerfeld,   the  proof  of  the  repi^- 
sentation  theorem  was  probably  known  to  him  in  1912.     In  19U6  W.  Magnus  ^    -i 
proved  that  the  radiation  condition  implies  the   boundedness  condition  when 
B  is  bounded.     Thus  implicitly  contsdned  in  Magnus'  paper  is  a  proof  of  the 
representation  theorem  for  bounded  B -using  only  the  radiation  condition.     An 
explicit  proof  may  be  found  in  C.  Wilcox'-     ■'(19$6). 

With  the   exception  of  boundaries  of  certain  special  shapes,  the  represent- 
ation theorem  has  not  hitherto  been  proved  for  unbounded  boundaries. 

We  first  state  the  res^ilts  in  the  form  of  theorems j  all  the  proofs  are 
given  later. 

Let  D  be  the   complement  of  a  bounded  domain  with  boundary  B.     Let  J^„  be 
the  surface  of  a  sphere  of  radius  R  and  let  B  be  such  that  Green's  theorem 
can  be  applied  to  D„  ■  DA(interior  of  ^    )  for  ^p  containing  B.     Let  u  be 
a  solution  in  D  of 

(1.1)  ^  u  +  k^u     •     0, 

The  radiation  condition  is 


-  2  - 


(1.2) 


lim 

R->oo 


Er' 


S-  i"™!    "s   ■   Oi 


dS  denotes  a  surface  element  and  dV  a  volume  element.     The  letters  P  and  Q  de- 
note points  in  D«     For  this  situation  we  will  prove  the  following  theorems. 

Theorem  1.1  (Rellich's  growth  estimate).     Let  u  satisfy  (1),     Then 


(1.3) 


lim 
R->oo 


|u|     dS     /     0 


unless  u  is  identically  zero. 


au 


Lemma  1,1 .Let  u  satisfy  (1)   and  (2),   and  let  u  or  ^  vanish  on  B.     Then 


lim 
R->oo 


lu|   dS     -     0. 


Eb 


Theorem  1,2   (uniqueness  theorem).     There  exists  at  most  one  solution 
of  (1)  which  satisfies   (2)   and  has  prescribed  values  or  prescribed 
values  of  its  normal  derivative  on  B, 


Theorem  1,3   (reoresentation  theorem).     Let  u  be  a  solution  of  (1)  which 

ik|P-Q| 


satisfies  (2),     Then 


(l.U) 


u(P) 


F-Q 


^      ik|P-Q|\ 
3u  d    e  1   jc 


Corollary  ,    Let  u  be  a  solution  of  ^  u  +  k  u  »  f  which  satisfies  (2)   and 
for  which 


f 


i^ 


exists.    Then 


f(Q) 


,iVf|P-Q| 


dV 


u(P) 


n 


ik|P-Ql 


e^^l^-Ql   au  3    e--    -    )..       1 


f(Q) 


,ik|P-Q| 


dV. 


Now  let  D  be  the  complement  of  a  domain  whose  boundary  B  is  unbounded. 
Let  D     •  D  n  (interior  of  ^^) ,  let  Bj^  -  B  r\  (interior  of  YIyl^*     ^^  ^^^ 
E_  -  Dr\^     ,     Let  A(R)  be  the  area  of  EL,     Let  B  be  such  that  we  can  apply 

Greens  theorem  to  D_,     The  radiation  condition  becomes 

R 


(1.5) 


lim 
R-s»oo 


^  -   iku r  dS     -     0. 


h 


3  - 


For  this  situation  we  will  prove  the  following  theorems. 

Theorem  l.li   (representation  theorem).  Let  u  be  a  solution  in  D  of 
(1)  which  satisfies  (5).  Let  the  following  integrals  exist: 


B 
( 


/'cosklP-ol    3u       „    3      co8k|P-Ql  \    ,_ 

(^   i^Qi  aH  - "  ^    ip-Qi ';  ^^ 

3ink|p-ql   3u  3       sinklP-Ql  \  ^„ 


Then 
(1.6) 


u(P) 


T^ 


iklP-Q|      ^ 
e      '     ^'     3u 


3      e 


ik|P-Q 


B 


IF^qT"   dK  ■  "  air       |p-(il    J  "^^^ 


Remark;     These  integrals  exist  if  the  values  of  u  on  B  and  the  values  of  the 
normal  derivative  of  u  on  B  satisfy  the  boundedness  condition 

(1,7)  lim        (r|u|,  r||^|  )    <     constant. 

R->oo     \  '^^  / 

Corollary.     Let  u  be   a  solution  of^u  +  ku     «f  which  satisfies   (5). 
Let  the  integrals 


and 


|JnQ)2i;fy£^ 


dV 


f(Q)  £-^  dv 


eslst.     Then  under  the  hypothesis  of  Theorem  ii, 


/ 


u(P) 


"  C^ 


e^^|P-^l   3u 


B 


3    e^^'P-Ql 
FoT"  3n  '   "  ^      |?>-q| 


dS 


1 


f(Q) 


/ 


,ik|P-Q| 

""For 


dV. 


Theorem  1.5»     Let  u  be  a  solution  in  D  of  (1)  which  satisfies  (5),     Let 
u  -  0  on  B  and  let  the  integrals  which  appear  in  (6)  and  (9)  below  exist, 
Then 


(1.8)  u(P) 


1 


.       I     I       C0Sk|P-Ql       du     .e 

-^))        |P-Ql        ST^^ 


h  - 


and 
(1.9) 


'TI^    }  J         |P-Q|     '     ^     '^^^ 


All  the  res'ultF  of  this  section  are  valid  in  two  dimensions,    if  we  replace 

1       e^^'^"'^'  i     (1) 

1 —    — [p-Qp  ^""^  ^^'^  real   and  imaplnary  parts  respectively  by  -  i-  H       (k|P-Q|) 

and  its  real  and  imaginary  parts.     A  similar  i-emark  applies  to  dimensions 

greater  than  three* 

We  now  give  the  proofs  of  all  these  theorems. 

Proof  of  Theorem  1.1.     Let  P  be  the  center  of  J^     ,     Let  P  be  outside  of 
B  and  let  J^^  contain  B.     Then  apply  Green's  theorem 


(1.10) 


(u  /\^  V  -  V  /\  u)dV 


cosk|P-Q| 


; 


/      3v  3u.    .„ 


sink  |f-q| 


to  Dp.     First  let  v  be       TpJqI'*'     ^^'^  then  "^'ip^Qi^'    •     If  P  is  the  distance 
from  P  to  the  point  of  integration  on  B,  we  obtain  for  these  two  v 


/ 


u(P) 


R 


(1.11) 


and 


(1.12) 


Eb 


Pcos  kR  dn  d     /COs  kRri    ,_ 


♦i;;/j[^i-"l;<^'> 


IS 


Xe- 


fsin  kR  9u  3     /Sin  kRH    ._ 

[-R—  8R  -   "  8R    ^-R— ^J   ^2 


^B^ 


sin  kp  du  o     / 

p         3n  '  "  dn  ^ 


3     /-sinkpn  ^c 
9H  ^— p— ^J  '^^* 


Now  multiply   (11)  by  — 5 and   (12)  by  -  — ^ ,  and  add.     We  obtain 


R 


T 


sin  kR 
R 


"C)  ■  K  [ 


cos  kR  a  /sin  kRx   sin  kR  3  /Cos  kRv"! 
R    dR  ^  R   ^  '   R    M  ^  R    J 


(1.13) 


sin  kR    I    /    r  cos  kp  3u  3     /COs  kpH    ,„ 

"  "C^*~  j   J    L~^~  3?I  "   ^  3K  ^"T-^J    ^ 


-R 


u  dS 


cos  kR 

UnR 


tsin  kp  3u  3     /Sin'kpH    ,_ 

-p—  3H  -  "  ^  ^""P^^J  ^^' 


Rewrite   (13)  as 


(l.ll-) 


sin  kR 
R 


cos  kR 

R 


u(P) 


W  [ 


COS  kp  9u     3  /COS  kov 

■r—  -  U  -r-  ( -) 

p    8n     dn   ^     p 


B 


,].s| 


in  kp  3u     3  /Sin  kpH  I 

"  -  -  u^  (____±:)j^. 


p   3n     3n 


k 

UnR^ 


u  dS. 


E 


R 


We  introduce  the  abbreviations  a  and  p  by  rewriting  (lU)  as 

(         ( 


,,  ,r-x      sin  kR   „  cos  kR 
(1.15)    a  — B +  P 


R 


R 


k 

'4nP  J 


r  ^ 


u  dSj 


a  and  p   are  independent  of  R,     Applying  Schwarz'   inequality  to  the  right 
member  of  (15) >  we  obtain 


(1.16) 


sin  kR       „  cos  kR 


*  P 


R 


2/TiR 


|u|2  dS 


E, 


If  a  and  3  are  not  both  zero  for  all  choices  of  P,  then  for  some  P,  the 
left  member  of  (16)  is  exactly  0(1/R)   as  R  tends  to  infinity.     Then  (16)  yields 


(1.17) 


lim 

R->oo 


|u|     dS  >  0. 


E, 


In  the  case  where  a  and  p  are  zero  for  all  choices  of  F,  we  must  show 
that  u  r  0.  Suppose  then  that  a  *  p  »  C,  Add  +  ip  to  a.  We  obtain 


(1.18) 


-M    [ 


i-ikp  ^      ^    ♦ikp 
£2 3u     _d_  .e;;; [_^ 

p   3n  '  "  ^  ^  p  '' 


)J  dS. 


We  rewrite  (16)  as 


(1.19) 


u  -  u  +  u, 
s    d 


Let  r  and  r'  be  the  radial  polar  coordinates  of  P  and  the  point  of 
integration,  Q,  in  (18)  respectively.  Let  0  be  the  origin  of  these  polar 
coordinates,  and  let  cos  Y  be  the  cosine  of  the  angle  between  y5   and  QOo 
We  have  then 

i-i  L  /  r  -2rr'coB  X  +r'     -rj 


(l.?0)         u  (P)e 


-^ikr       1 


3u  e 


lli  j  J   an  ^ 5" 

S  yr    -  2rr'cos  yC+r' 


dS, 


If  r  is  sufficiently  large,  the  quantity  under  the  radicals  in  (20)  cannot 
vanish  since  B  and  therefore  r'   are  bounded.     Thus  the  kernel  in  (20)  is  an 


-  6  - 


analytic  function  of  r  in  a  neighborhood  of  r  ■  co.  Multiplication  by  the 
continuous  function  3u/9n  and  integration  over  B  preserves  this  analyticity, 
(If  du/3n  is  not  continuous,  replace  B  by  a  sphere  containing  it.)  Thus  the 
right  member  of  (20)  is  an  analytic  function  of  r  in  a  neighborhood  of  r  ■  oo. 
In  a  similar  manner  this  same  statement  holds  for  e    u..  Thus  from  (19), 
we  have 
(l.?l)        u  e"^^^^  -  A'(r) 

where  A  and  A  are  analytic  functions  of  r  in  a  neighborhood  of  r  ■  oo« 

If  u  is  not  identically  zero,  we  may  divide  one  relation  in  (21)  by  the 
other  to  get 

-2ikr  A"(r) 


e 


A*(r) 


But  this  is  absurd  since  the  left  member  has  an  essential  singularity 
at  r  ■   00,  while  the  right  member  has  at  most  a  pole  there.     Thus  u  5  0  and 
the  theorem  is  proved. 

Proof  of  Lemma  1»1.     Let  u  denote  the  complex  conjugate  of  u.     From 
Green's  theorem  we  hav» 

I    J  J    [u(  A  ^  *  k^u)  -  u(  A  u  .  k2u)]dV  -    f  J    [u  1^  -  u  §]dS 


'E 


R 


Since  /\  "  *  ^  "  "  °  ^^  £^u-*-kvi*01n  Dj,,  and  u-u-Oor  —  '^^-O 
on  B,   (22)  reduces  to 

I-R 
Expanding  the  integrand  in  the  radiation  condition  (2),  ve  get 

Hr 

Inserting  (23)  into  (2U)  we  obtain 

^R 
which  contains  the  assertion  of  the  leBuna. 


-  7 


Proof  of  Theorem  1»2.  Suppose  there  are  two  solutions  u,,  Up,  of  (1) 
satisfying  (2)  and  having  prescribed  values  or  prescribed  normal  derivatives 
on  B.  Let  u  ■  u^  -  u^.  An  application  of  the  Schwarz'  inequality  shows 
that  u  satisfies  the  radiation  condition,  (2).  Thus  since  u  ■  0  or  3u/Sn  ■  0 
on  B,  Lemma  1  implies  that 

lul^  dS  -  0. 


Put  then  Theorem  1  implies  that  u  ■  0, 

Proof  of  Theorem  1»3»     Let  a  and  p  be  the  same  as  in  (15) »     Then  the 
assertion  of  the  representation  theorem  is  expressed  by  the  equation 

a  -  ip     -     0, 

Now  multiply  (11)  by  ^  i^^^)   and  (12)  by  -  ±   (^2«J^)  and  edd. 
After  some  simplification  we  get 


/-  ^p-s         8  /Sin  kRv     3  /COS  kRx  .     k 


dR  ^^• 


Now  multiply  (25)  by  -ik  and  add  this  result  to  (15).  We  obtain 

tS  ,sin  kRx   ,.  sin  kR~l^  of  9  /COS  kRx   ..  cos  kR  "1 

■  ^L  j  <i  -  --• 

^R 

Applying  Schwarz'  inequality  to  the  right  member  of  (26)  yields 

1/   .„\  k  cos  Wl   /.   -,\/  k  sin  kR,     sin  kR   .  cos  kR 
(c-ip)  ^ +  (ia+p)( ^ )  -  a   — j p  ^- 

R  R 


t— R 
The  radiation  condition  implies  that  the r ight  member  of  (27)  vanishes 
faster  than  l/R  as  R  tends  to  infinity,  a  and  p  are  independent  of  R.  The 
coefficient  of  a  -  ip  in  the  left  member  of  (27)  is  exactly  0(1/^),  The  re- 
maining  terms  in  the  left  member  of  (27)  are  Oil/R   ),  Thus  since  the  right 
member  tends  to  zero  faster  than  1/k  as  R  tends  to  infinity,  we  must  have 


-  8  - 

a  -  ip  ■  0.     This  proves  the  theorem. 

The  proof  of  the  corollary  of  Theorem  3  is  similar  to  the  proof  of  the 
Theorem  itself  and  will  not  be  given. 

Proof  of  Theorem  l.b.     The  proof  proceeds  exactly  as  the  proof  of  Theorem  3, 
The  assertion  of  Theorem  h  is  expressed  by  the  equation  a  -  ip  -  0.     We  ob- 
tain in  place  of  (27)   the  equation 

Ic-.     AQ    \kcos  kR        X        ^o    \f     ^  sin  kR^  sin  kR       .      cos  kR    I 

K  H 


(1.28) 


Here 


~      J.tiR'^  ' 


du        ., 


^dS 


M   oQ^  /'c^        1  /cos  kJP-Ql   3u  d    cos  k|P-Q|\    ,_ 

(1.29)         a^  -  u(P)  -  U^  I  |;-'q|    '  aJI  -  "  3K       \?4\         )  ^^ 

and 

(1-^0)         ft     -   1     f  (/^sin  k|P-Q|  au  _        3    sink]P-Q|\   ,„ 

^^•^°^       ^R     ^  J  J  \    If-Ql       aH  ^  3H      Ip-Ql     7  ^^' 

R 

Since  A{R)  <  0(R  ),  the  radiation  condition  (5)  implies  that  the  right 
member  of  (28)  tends  to  zero  faster  then  1/R.  By  hypothesis  the  following 
limite  exist: 

R->oo  ^  R->oo  " 

(1.31) 

liB  (op-iPjj)  -  -i  lim  (iou+?p)  -  a  -  ip. 
R— >  00  R-->  00 

Thus  by  arguments  similar  to  t hose  used  in  the  proof  of  Theorem  3,  (28)  implies 
that  a  -  ip  »  0  and  this  proves  the  theorem. 

The  proof  of  the  corollary  is  similar  to  the  proof  of  Theorem  h,   and  will 
be  omitted. 

Proof  of  Theorem  1.^.  The  proof  proceeds  as  the  proof  of  Theorem  1.  We 
obtain  in  place  of  (16)  the  equation 


f\   ■JO^    1    sin  )sR   ^  „  cos  kR    ,  k  /A(R)  /  (     (  \    \2    ,„ 
^^•^^^    I  °R  — R-  *  pR  -X—    ^  7^  /  J  J  IH  dS   . 


^R 


Here,  because  u  vanishes  on  B,  we  have 
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f-i    oo\  fri\  1      I       I    COS    klP-Ql       3u       ,_ 

(1.33)  oj^  .  u(p)  -  ITS  M      |^.-^|     '    aH    ^s 


and 


n    01  ^  D  1       /'     f  sin  klP-Q|       3u    ,_ 

\ 
By  hypothesis  the   follow^ing  limit?  exist: 

lim       Or  ■  a  li"       ?p  "  P« 

R->oo     "  P->oo 

ITtus  the  left  member  of  (32)  i5  exactly  0(1/R)  unless  a  ■  0  and  p  ■>=  0,     Now, 

exactly  as  in  the  proof  of  Lemma  1,  the  radiation  condition  together  with 

the  fact  that  u  vanishes  on  B  implies  that  |u|   dS  tends  to  «ero  as  R 

^^R 
tends   to  infinity.     Thus  the  right  member  of  (32)   tends  to  zero  faster  than 

1/R.     Combining  these  facts  we  see  by  arguments  already  used  that  (32)   implies 

that  a  and  p  are  zero.     From  (32),  which  defines  o^,  we   see  that  a  ■  0  is 

equivalent  to  (8).     Similarly  (3U)  and  p  »  0  imply  (9).     This  proves  the 

theorem. 


2,  The   reduced  wave  equation  in  a  medium  with  a  variable  index  of  refraction 
In  this  section  we  discuss  solutions  u  of  the  equation 

(2.1)  /X  u  +  h^(x)u  "  0. 

Here  x  »   (x^,x«,x^).     In  particular  we  consider   the  case  in  which 

2  2 

(2.2)  lim       h  (x)   -  k     ■  constanto 

|x|-^oo 

We  show  that  the  Rellich  growth  estimate   ( Theorem  1,1)  is  valid  when  u  xb 
defined  and  bounded  in  all  of  space.     From  this  result  we  deduce   two  statements 

concerning  the  non-existence  of  eigenvalues.     The  first  is  that  for  no  positive 

2  2 

value  of  k     does  there  exist  a  solution  vof^v*kv»0  which  is  bounded  and 

quadratically  integiable  over  all  of  space .     Ihe  second  is  the  same  statement 

for  the  equation  /\  v  +  W(x)v  «  -k  v  for  a  suitable  class  of  W(x),     We   then 

prove  that  there  exists  no  outgoing  solution  of  (1)  which  is  defined  and  bounded 

in  all  of  space. 

When  u  is  defined  in  the  complement  of  a  bounded  domain,  mo  show  that  there 
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exists  a  solution  vof^^v*  kv»0  such  that  v  approaches  u  as  |x|  tends  to 

infinity.  The  rate  of  this  approach  is  comparable  to  the  rate  with  which  h  (x) 

2 

approaches  k     at  infinity^     We  call  this  result  the  osculation  theorem.     From 

this  theorem  we   deduce   that  the  Rellich  growth  estimate   is  valid  for  u  when 
it  is  defined  and  bdjinded   in  the  complement  of  a  bounded  domain.      Ttiis  last 
resijlt  leads  to  a  uniqueness  theorem  for  the  exterior  boundary-value  problem 
for  u. 

The   osculation  theorem  is  similar  to  a  theorem  proved  by  L.Bers*-  ^o     Bers 
considers  the  approximation  in  the  neighborhood  of  a  finite  point  of  a  solution 
of  a  linear  elliptic  partial  differential  equation  by  homogeneous  harnonic  poly- 
nomials.    The  solution  has  r  zero  of  a  certain  order  at  this  point  and  the  de- 
gree of  the  approximating  polj^nomiql  is  related  to  this  order. 

We  now  state  our  results j   the  proofs  are  given  immediately  afterwards. 

Let  N  >  2   and  let 


(2.3) 


lh^(x)-k^l     <     Odxf"), 


Let  dS  denote   a  surface  element  and  dV  a  volume  element,      Ihe  radiation  condi- 
tion is 

(         I 

3u 


(2.U) 


lim 
|x|->oo  j 


rJ 


|H  -  ih(x),>  r  d! 


E/ 


3u        ., 
3r 


dS  ■*  0 , 


y      is  the   sro-face  of  a  sp^here  of  radius  R  with  some  fixed  point  F  as  center, 
^—  R 

Theorem  2,1,     Let  u  be  a  solution  of  (1)  which  is  defined  and  bounded  in 


all  of  space,  V,     Let 


(-«      ^Jll^^^-<- 


Then 
(2.6) 


unless  u  s  0, 


|u|     dS     /     0 


2  2 

Corollary  1.     There  exists  no  positive  value  of  k     for  which  ^  u  +  k  u  =  C 

possesses  a  bounded  solution  which  is  quadratically  integrable  over  all  of 

space , 

Corollary  2.     If 


1 


/OO 


•CO 


/ 


W(x) 

X 


dV 


1, 


-  11  - 

then  there  exists  no  positive  value  of  k  for  which  ^  u  +  W(x)u  =  -k  u 
has  6  bounded  solution  which  is  quadratically  integrable   over  all  of  spacer 

Theorem  2 .2 ,  Ijnder  \he  hypothesis  of  Theorem  1,  the  only  solution  u  of 
(1)  which  satisfies  the  radiation  condition  (U)  is  the  trivial  solution 
u  *  C. 

For  the  following  results  u   is  defined  and  bounded  in  the  extern*  or  D  of 
a  bounded  domain  with  boundary  B,     B  is  such   that  Green's  theorem  may  be  applied 
to   the  domain  D     ■  Dr\( interior  of  Yl-a^f  ^°^  ZIr  containing  B, 

Lemma  2,1.     Let  u  satisfy  (1)   and  the  radiation  condition   (U),     Then  u  is 


a  solution  of  the  integral  eqiaation 

1     i   {   re^^l^-^l      au  8      /.i^P-Ql 


u(P) 


■    ■    ,  6      ■        ■     <?u  6     I  e 

"  UTT  J  J   L~T7=Qr    3H  -  "  aH  V     l^-Ql 

B 


)] 


dS 


1 


^iklF-Ql 


(kW(Q))dV. 


D 


Lemma  2,2.     Let  u  satisfy  (1)  and  the  radiation  condition  (U).     Let  u 


or  the  values  of  the  normal   derivative    of  u  on  B  vanish.     Ihen 
f         I     . 

h^x)|u|^  *       §     M  dS     .     0. 


(2.7) 


lim 

R->oo  J 


/ 


■R 


Theorem  2,3   (osculation  theorem).  Let  u  be  a  solution  of  (1)  and 

Of  rr|. there 

^  IxT/' 


2  2 

satisfy  the   radiation  condition   (U).     If  k     -  h  (x) 


exists  a  solution  vof^v+kv«0  such  that  u-v  ■  0(  |x|  ),     e 

is  an  arbitrain.ly  small  positive  number.     Furthermore,  v  ^  0  if  u  ^  0. 

Remark:     A  similar  theorem  is  valid  when  the  point  at  infinity  is  replaced  by 
a  finite  point. 

Corollary  1.     If  we  assume   the  hypothesis  of  Theorem  3  and  if  N  >  3,  we 


have 

(2,8) 

lim 

R->co 

unless  u  »  0, 

'E, 


|u|      dS  /  0 
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Corollary  2  (uniqueness  theorem).  There  exists  at  most  one  solution  u 
cf  (1)  which  also  satisfies  (U)  with  prescribed  boundary  values  or  pres- 
cribed values  of  its  normal  derivative  along  B» 

Now  we  give  the  proofs  of  the  theorems  of  this  sectiono 

Proof  of  Theorem  2,1,     Let  V„  be  the  interior  of  3~_,  ,     Let  u  be  a  solution 

'  n         p  * — K 

of  (1)  and  let  v  be  a  solution  of^v+kv»0.  Since  v/\\x-\i/\v*- 

2  2 

uv(k  -h  (x)),  we  have  by  Green's  theorem 


2  ^2, 


/ 


3u     3vn 


(2.9)     I   1  I  uv(k'.h^(x))dV  -   I    I  (v  ^  -  u  IJ)  dS. 

Now  we  use  the  same  method  by  i^ich  we  obtained  (l,lU)i  from  (9)  we  get 


sin  kR   r,^v        1  cos  kJP-Qi    ,,2  ,2f^....~i 


(2,10)  \ 


/j/„-^(.W(«,,av.-^j      j.as. 


cos  kR 

UnR 

R  ^' 


We  introduce  the  abbreviations  a     and  Pp  fcr   the   coefficients  of  ^^ — ^ — 

and  -  — ^g respectively  in  (10),     Ihen  applying  Schwarz'   inequality  to  the 

ri  ght  member  of   ( 10 ) ,  we  obtain 

/«,  TTX  \        sin  kR       Q     cos  kR    1  k /f  (   ,    .2 

^R 

Since  u  is  bounded  and    [k  -h  (x)  |  <  01 ejj,  N  >  2,   the  limits  as  R  tends  to 

\lx|  / 

infinity  of  the  volume  integrals  in  (IC)  exist.     Then  let 
a  ■  lim       Op     and       p  ■  lim       Pp     » 


( 
Now  if,  contrary  to  the  theorem,  lim 

R-!>oo 


|u|^  dS     •     0,  then  the  right 


U 

member  of  (11)   tends  to  zero  faster  than  1/tl  as  R  ->oo.     In  this  event  (11) 
imp3j.es  that  a  «  p  -  0  for  all  choices  of  P.     Now  by  definition  of  Oj,,  a  «  0  is 
equivalent  to 

(2.12)         u(P)   -  -  j^|jj^°y4r'    (kW(Q))dV. 


13  - 


From  (12)  we  have 

lub   |u(P)|     <     lub   |u(P)| 


1 


^  |kW(Q)|   ,„ 
^    |P-Q|    '  '^ 


If  V  d  0  this  inequality  and  the  hypothesis  imply  that 

lub    |u(P)|     <     lub    |u(P)|. 

This  absurdity  implies  the  correctness  of  the   theorem. 

Corollaries  1  and  2  of  Theorem  1  both  follow  immediately  from  the   theorem. 

Proof  of  Theorem  2.2.     Using;  the  same  method  by  which  (1.26)  was  obtained, 
we  pet 


t 


CCS  kR       sin  kR 


.,    sin  kRl  r,    sin 

-  ik  -^op  -    ^-k  — ^- 


kR       cos  kR       .,    cos  .... ,   „ 
5 ^^  —5 — I  Pi 


H] 


(2.13) 


Here 


and 


k 
UitP/ 


Er 


^-  ih(Q)uj    dS. 


'^ 


u(P) 


^ITTf 


cos  k  P- 


^  (k2-h^(Q))dV 


1       III       sin  kjP-Ql      ,,  2   ^2,,..    ^, 

"HIT  M  J "     ip-Qi  '  ^^  -^  (Q))  ^■'- 


V     is  the  interior  of  ^„o    We  reivri  te   (13)  as 


,  /        ...    cofi  kR  ,  .    sin  kR  sin  kR       .      cos  kR 

^^ V'^Pr^  -s ^^^V^r)  -r—  -  °R  — r-  *  Pr  — r- 

K  K 


(2.1b) 


_k 
linP."  J 


I 


Zj 


au 

8R 


-  ih(Q)u  )    dS. 


Appljring  Schwarz'   inequality   to   the  right  merr.ber  of  (Ih)  we   get 

sin  kR  sin  kR       „     cos  kR 


K  K 


(2.1?) 


f 


I   g  -  ih(Q)u|^  dS   . 


2/TiR    f      /r—   J 

^R 

2      ?  1 

u  is  bounded  by  hypothesis.     Thus  since    |k  -h  (x)  |  <  0(-r=^  N),  N  >  2,   the 


-    1)4   - 


limits  as  R  tends  to  infinity  of  o^  and  p     exist.     Cal?.   UiCse  limits  a  and  (3 

respectively.     The  radiation  condition   (U)   implies   that   the  right  member  of 

(lb')    tends  to   zero  faster  than  1/R  as  R-o-oo,      The   coefficient  of  a^.   +  iB^,  in 

R  H 

the  left  member  of  (1$)   is  exactly  0{1/R)  wliile  the  remaininp  terms  in  the 

2 
left  member  are  0(1/R    ).      Tims   (1^)   implies   that 


(2.16) 


lim       CL,  +  iSj,   »  a  +  iB   -  0, 
R-^oo  ^  ^ 


From  the  definition  of  cu   and  p^,   a+ip  ■  0  is  equivalent  to 


(?.17) 


u(P) 


1 


( 


,ik|P-Q| 


(k^-h^(Q))dV. 


Here  integration  is  over  all  of  space.  From  (1?)  we  have 
(2.ia)        lub  |u(P)|  <  lub  |u(P)|  I  ^ 

Therefore  if  u  /  0,  it  follows  from  the  hypothesis  that 

lub  |u(P)|  <  lub  |u(P)|. 

This  absurdity  implies  that  u  ■  0  and  p^o^'es  the  theorem, 

2      2  2 
Proof  of  Lemna  ?  ,1 ,  Since  A  u  +  k  u  «  (k  -h  (x))u.  Lemma  1  is  essentially 
_ *_i  2  2 

the  assertion  of  the  corollary  to  Theorem  1.3  with  f  »  fk  -h  (x))u.  The  integral. 


,iklP-Ql 


(k2-h^(Q))dV, 


2     2                       1 
exists  since   u  is  bounded  and    |k  -h  (Q) |   <  0( «),  N  ^  2.     The  proof  of  Lemma  1 


is  omitted  since  it  is  similar  to  the  proof  of  the   corollary  to  Theorem  1,3. 

ine  proof  of  Lemma  2   is  similar  to   the  proof  of  Lemma  1,1  and  is 
omi  tted , 

Proof  of  Theorem  2.3     (osculation  theorem).     From  the  integral  equation 
(6)  we  have,  denoting  the  bcjndary  integrals  by  v  (x),  P  by  x,   and  Q  by  C, 


(2.19) 


u  »  V     -  1 — 
o       Un 


ik|x-C 
u(0  ^    |^_^[        (k^-h^(O)dV. 


.2  ^2, 


v     is  a  solution  of^v+  kv«0   eince  it  is  a  sum  of  single  and  double 
layer  distributions. 

Let 
(2.20)  f(U|) 


ik  |x-4  I  00 

n-0     " 


ix-C 


and 


-  15  - 


(2.2]) 


■    -1  00  00      |4|"P   (y) 

'^  ^'        n-O     "^  v-0 


n 


Here  P   (y)  is   the  n-th  Legendre  polynomial  of   tiie  cosine  of  the  angle  between 
X  and  4.     These  Taylor  series  converge  un^  forirly  and  absolutely  for    |4  |   <    |x|» 
Now  rewrite   (19)   as 


(2.22) 

or 

(2.?3) 


u(0(k^-h^(U)ri:^l^l" 
L  n-C 


^ik|x-4| 


-ranl^ll 


dC 


V   ♦  V-  - 
0     1 


Un 


^  J 


(  _  5    ,-^ik|x-f|   A        -, 


rf» 
e 


From  (20)  we  see  that  each  a  is  a  linear  combination  of  derivatives  with 

n 

f>spect  to  C(C,,4_,4^)  of  the  fundamental  solution  of  the  reduced  wave  equation 
'        '/|x~C!    »  evaluated  at  4  -  0.     Since    |x|   >  0  each  a     i?  a  solution  of 

the  reduced  wave  equiation  and   thus  v,   is  also  a  solution. 

2      2  — K 

Since  k  -h  (4)   »  0(|4|     '),   and  since  u  is  bounded,   the  volume  integral 

which  appears  explicitly  in   (23)   converges  absolutely  if  A  <  N-3.     Now  replace 
r  by  the  ext-erior  of  a  sphere  whose  interior  contains  B-  and  which  is   so  lai'ge 
that   triis  volume   integral  is  less  than  lubju|/2  in  magnitude.     If  the  v  +v, 
corresponding  to  this  sphere  were  zero  then  from  (23),  we  would  get 
lub|u|  <  lub|u|/2.     This  absurdity  implies  that  u  is  zero  in  this  even. 
Thus  we  may  assume  without  loss  of  generality  that  D  is  the  exterior  of  a 
sphere  of  radius  R,  and  we  have  v  +v.   /  0  if  u  ?'  Co 

We  must  now  estimate  the  volun.e  integral  wnioii  appears  explicitly  in   (23). 
S^nee  the  series   (20)   converges  absolutely  foi    |4 |  <    |xj,  we  may  rewrite   (23) 
as" 


u  «  V  +v,    - 


(2.2h) 


I^ 


1 


R<|4|<  e|x| 


00 


u(4)(kW(4))  r      aJcTd? 


l4!>e|x| 


u(4)(k^-h2(4))    [ 


n«A+l 

ik |x-4 


lx-4| 


A 

n-O 


^1^- 


U"]d4, 


or 
(2.2?) 


^  -  -1  *  \  *   l2- 


Now  if  we  regard    |4 |   as  a  complex  variable,  we  have 


(2.26) 


1 


lUlU    d|4 


The  technique  of  splitting  the  volume  integral  into  the  sum  I^+  I2  in  (2U) 


(25)  is  employed  by  L.  Bers  l- 


ul 
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G  is  a  circle  in  the  complex  j^j-plane  with  center  at  |4|  «  0  and  with 
radius  r  <  |x|.  We  will  show  that 

'  \n\K\)\U\i\\ .  1  i. 


(2.27) 


a   < 


n'  -  7^ 


/2ti 

h 


k(re^®)|de. 


This  may  be  seen  as  follows.  First, 


f(kl) 


(2.23) 


g(Ul) 


g(k!) 


lk|x-4 


exp 


[i./! 


IF*  ixF-2 


kllxlr  ] 


Now  (kj   +|xj    -2|c1|x|y)   -  ^  is  a  single-valued   analytic   function  of  the 
complex  variable    |4|,     Since   the  amplitude  of  £\^  for    |f  |   real  is  0,  we  may 
consider  the  amplitude  of  ^  to  be  between  0  and  2n  for  all  complex    \^\, 
Since  ^  /  0  for    |  |c!  I  <  r  <    |x|,   the  amplitude  of  y  J\^      is  between  0   and 

r. .     Thus 


.^^f^ 


<     1       and 


f(|€|) 


g(kl) 


(k  >  0). 


Nov   (27)  implies 


a         <     —      b     . 
'   n '     -      n      '   o ' 
r 


(2.29) 

From  (21)  we  find  that    |b^|   -  -r^  .     If  we  let  r  ==  X|x|,   X  <  1,   (29)  becomes 

(2.30)  la^l     <     ^  . 

.elxl 


Let  h  -  lub|u(C)l   and  let    |k  -h  (C)l  <Kkr    .     Then  from  (2b)   and   (25),  we 
have 


(2.31)  |IJ     1     XI^    [       Icr^f      7^^     1^1^  dUI 

<r.  A+1        Xx 


R 
Let  A  =  N-U  and  make  6  <  X,     Then 


U  and  make  y  <  \.     men     _  «    i 


■N+n+2 


dk 


(2.32) 


XMK 


<  XMK 


XMK 


log  Qjxl/R  ^ 
|Xx" 


HF? 


oo 


^3 


(e|xl) 


-N+n+3 


■N+n+3 


h:t 


Krr 


(Xlx|)"*^(-N*m*3)        |>xr"-'(-N+nO) 


log  el 


\x 


log  Q|x|/r  ^    e         1        1    _^ 


R 


^ 


^^^^ '  ?^  i;?^  ir|  ifPTj;^!:^!  • 
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i-N+2+e 


Therefore 

(2.3^)  U^!     <     0(1x1-=^*^*^). 

We  note  that  e  is  an  arbitrarily  small  positive  mimber  since  it  arises   to 
account  for  the  term  log  e|x|/R  in  (32), 
Now 

MK 


( 


I       <  r- 


M  r    1  N-! 


..^^  J^] 


<  MK 


[,,.,«I7r?^JJJ^I    kl'lx-« 


n-0      \\x\ 

liiL 


d? 


)4n(e|x|)' 


(2.310 


n"0     \|x| 


n+T 


,00 


'e|x! 


kl 


-N+n+2 


dkl] 


N-U       (Q|„|,-N-n+3 


Here  e  is  an  arbitrarily  small  positive  number.     Therefore 

■N+2+e 


(2.35)  lljl     1    0(|x|   "^^^^   ), 

Inport  (33)   and  (35)  into   (23).     We  obtain 
(2.36) 


_,  I  i-N+2+6  X 
u  ■  V  +  V-  +  0(  X        ) 

O      1 


and  the  theorem  is  proved. 

Proof  of  Corollary  1.  From  the  osculation  theorem  we  have 


(2.37)        u  -  v  +  I 
where  ^  v  +  k  v  »  0  and 

(2.36) 


!l|  <  0(|xr'^2*^  ), 


We  know  also   from  this   theorem  that  v  ^  0  if  u  ^  0.     Suppose   then  that  u  j^  0, 
If  V  and  T  are   the  complex  conjugates  of  v  and  I,  we  have 


^E/ 


lul^dS 


(2.39) 


/       ( 


'Zr 


|v+l|^dS 


jvrdS  + 


/ 


(v  I  f  V  T)dS  + 


t—R 


Ill^dS, 


tJ 
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Since  v  ^  0,    Theorem  1,1    (RelHch's  estimate)   asserts  that 

(  ( 

(2. '40) 


lim 
R->oo 


y 


I V  I      ciS   ?^  0  . 


T.J 


Since  N  >  3  and  e  is  an  arbitrarily  small  positive  number,  there  exists  6  >  0 
such  that  |lj  <  Of  Ur  '  ).  Thus  as  R  tends  to  infiri  ty  the  magnitude  of  the 
last  two  integrals  in  the  right  member  of  (39)   is  of  a  lower  order  than 


dS, 


Thus   (39)   implies 


{2. hi) 


i 


-lim 
R->oo 


i:r 


VA    ^s  ^  0 


and  this  proves   the  corollary. 

Proof  of  Coroll ary  7     (uniq\ierei5J5  theorem),     Tuppnse,  in  contradiction 
to  the  corollary,    that  v,    and  v^   are  two  solutions  of  (1)  which  satisfy  the 
radiation  condition,   and   have   the  same  boundary  values  or  the   same  normal  de- 
rivatives  along  3.     Let  v  »  v^  -  v_ ,     An  application  of  Schwarz '   inequality 
shows  that  v  satisfies   the  radiation  condition.     Since   the  values  of  v  along 
B  or  the  values  of  thp   normal  derivative   of  v  along  B  vaaish,  Lemjria  2  impliee 
that  / 


lim 
R--»  a? 


!v|^  ds 


0. 


,>o,J^ 


3i'.t  this  implies  v  s  0  by  Corollary  1 


-  19  - 

2 

3.        Ihe  L  -iriaximuin  principle 

In  this  section  we  will  consider  solutions  of  the  reduced  wave  equation 
2 
^u+ku=C,     uis  defined  in  the  exterior  of  a  bounded  domain  with  boundary 

B  and  satisfies  the  radiation  condition.     We  will  obtain  an  estimate  for   tlie 

2 
L  -norm  of  the  normal  derivative  of  u  along  B  in  terms  of  the  boundary  values 

of  u.     From  this  estimate  and  the  representation  theorem  for  u,  it  follows  that 

the  magnitude  of  u  is  bounded  by  a  homogeneous  quadratic  functional  of  its 

2 

boundary  values.     We  call  this  result  the  L  -maximum  principle,  because  of  its 

similarity  to  the  usual  maximum  principle.     This  principle  is  of  interest  be- 
cause it  applies  to  a  boundary- value  problem  for  which  the  ordinary  maximum 
principle  is  not  true, 

Oiar  estimate  is  similar  to  one  obtained  in  1901  by  Vishik'--^"-'   for  any 
solution  u  of  Laplace's  equation  defined  within  a  sphere  of  radius  R,     Vishik 
showed  that 

j     J   (g)^  R^sin  ^  d^  de  <  j     j    r(|H)2  ^  _J:^  (|^)^R2sin  ^  d0de. 

He  remarked  that  similar  inequalities  are  valid  for  more  general  elliptic 
equations  and  for  more  general  bounded  domains.  In  1956,  L.  H5rmander •-  •' 
deduced  estimates  of  this  type  for  solutions  of  a  class  of  second-order  elliptic 
equations,  HSrmander  requires  that  these  solutions  be  defined  in  a  compact 
domain. 

The  estimates  In  this  chapter  are  new  in  two  respects.  First  and  most 
important,  they  are  concerned  with  an  unbounded  domain.  Second,  they  are  con- 
cerned with  s  complex- valued  solution  of  the  reduced  wave  equation. 

In  the  following  paragraphs,  we  state  our  results.  Then  we  furnish 

proofs , 

2 
Let  u  be   a  solution  of  the  reduced  wave  equation,  ^u+ku=0,in  the 

exterior  D  of  a  bounded  domain  with  boundary  B,     Let  u  satisfy  the  n-dimensiona3 

radiation  condition 

(3.1)  lim        f  I    I  |p  -  ikul^  r"'^  do.     =     0. 


Here  ^^^  is  the  surface  of  an  n-dimensional  sphere  of  radius  R  with  some  fixed 
point  in  n-space  as  center.  A  double  integral  indicates  a  surface  integration 
and  R         da  denotes  a  surface  element.     We  will  prove   the  following  lemmas: 

Lerrjna  3,1 ,     Let  B  be  the  surface  of  a  sphere  J~  of  radius  a,    and  let 

2a  Imk  >  n-1.     Then  if  l-2e     >    0, 
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Eh^ 


5? 


ds  < 


1-2  e 


E 


(3.?) 


*¥r- 


|V.u|^a""^dco 


n: 


t       \        2{lv^^T  jj 


I    1 2  n-1, 
|u  I    a       dco 


|v.ul  denotes  the  square  of  the  magnitude  of  the  tangential  component 
of  the  gradient  of  u.  This  is,  in  two,  three  and  n  dimensions  respec- 
tively. 
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) 
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^(sin6 
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•2  au 
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du 

2 

- 

^^     o 

• 

Lemma  3«2«     Let  B  be  a  simple  closed  cuirve.     Let  the  transformation 
X  ■  x(a,p),  y  ■  y(a,p)  define  an  orthogonal  coordinate  system  in  D. 
The  functions  x(a,p)   and  y(a,p)   are  twice  continuously  differentiable 
with  respect  to  a  and  p.     Let  B  be  a  coordinate  curve  corresponding  to 
some  constant  value  of  a.     Let  a  be  arclength  along  the  curves  p  » 
constant.     Let 

and 

0-^  -  (|)^  *  (i)^  • 

2 
Let  ds  denote  a  line  element.  If  l-2e  >  0  and 

(3.3)  Im  k  > 


-1  dG 


then 
(3.1j) 


'  ||ip.3  <     1     f  f  Ig  ^as  .  i€  A  .  -M?^^  [  lu  l^ds  1  . 

,j3ni    -7::;7UJ3P       ^1^    2(imk)Vv      -' 


A  similar  result  is  valid  for  higher  dimensions. 

We  will  see  below  that  when  B  is  convex  the  coordinate  curves  may  be 
chosen  to  be  the  normals  and  parallels  to  B.  If  B  corresponds  to  a  *  0  and 
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K  "  K(p)  is  the  curvature  of  B,  then  the  condition  (3)  becomes  Imk  >  L-^.  \r 


Lemma  3«3»  Let  B  be  the  surface  of  a  sphere  Y_   °^  radius  a.  If  1-e  >  0, 
k  real,  and  ka  is  sufficiently  large,  then 


(3.5) 


V 


3r 


a       dco  < y 

l-c' 


^ 


lu^a^'^dco* 


'C 


r 


In      |2  n-2, 
jV.u|   a       6u> 


Each  of  these  lemmas  implies  a  particular  L  -maximum  principle.  In  parti- 
cular. Lemma  3  implies 

2  2 

Theorem  3»1   (L  -maximiun  principle).  Let  u  be  a  solution  of^u  +  ku-0 

in  the  exterior  D  of  a  sphere  of  radius  a.  Let  ^  denote  the  surface  of 


this  sphere  and  let  u  satisfy  the  radiation  condition  (1).  If  1-e  >  0, 

I,   and  ka  i 

|u(P)|  <  ai 

1/2 


k  real,  and  ka  is  sufficiently  large,   then 


(3.6) 


+  b 


l-e^L 


r^ 


I    1 2  n-2, 
u     a       dco  + 


r 


V 


In      |2  n-2, 
|V.u|   a       dec 


where 

(3.7) 

and 
(3.8) 


|:F(k|F-Q|) 


2     n-2,    V/2 
a  •    dco   1 


\l/2 


I      j    |F(k|P-Q|)p  a^-^dco^j 


F(k|P-Q|)  is   the  fundamental  solution  of  ^u  +  k  u  ■  0  which  satisfies 
the  radiation  condition.     In  two,  three,   and  n  dimensions  we  have  respec- 
tively 

F(kiP-Ql)      .     -JH^^^klP-Ql) 

(3.9)  F(k|P-Q|)     -     ^    5-f^-^ 

F(k|p.Q|)     .      r(§)H^^)(kr)(2."/^r(-2)/^)'\ 

We  now  give  the  proofs  for  all  these  results. 

We  first  observe  that  Theorem  1  follows  from  Lemma  3  and  the  representa- 
tion theorem,  namely 
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(3.10) 


u(P)  - 


/ 


U 


L  ^   F(k|P-Q|)  -  |H  F(klF-Ql))  a^-^dco 


This  representation  is  valid  for  outgoing  solutions  of  the  reduced  wave  equation 
(see  Theorem  1,3).  Application  of  Schwarz'  inequality  to  (10)  and  use  of  Lemma  3 
implies  Theorem  1, 

The  proofs  of  the  lemmas  wi3J  be  conducted  in  two  dimensions  in  order  to 
attain  simplicity  in  our  arguments.  In  what  follows,  C  denotes  a  circle,  ds 
a  line  element,  and  dS  a  surface  element. 

Proof  of  Lemma  3.1.  The  proof  proceeds  by  extending  the  technique  of 
Vishik  ^  J »  Let  EL  denote  the  annulus  between  C  sind  a  larger  concentric  circle 
Ct)  of  radius  R,  and  let  a  bar  over  a  quantity  denote  the  complex  conjugate  of 
that  quantity.'  In  two-dimensional  polar  coordinates  we  have 


(3.11) 


2 
^  19/      3ux        1       3  u 

A  -    F   a?  (-  3?'  *  7   ^ 


au 


Now  multiply  the  reduced  wave  equation  by  ^-  and  integrate  the  result 

or 


over  P-p.  We  obtain 


(3.12) 


^  u  |H  r  dr  de  +  k^ 


\ 


J 


u  1^  r  dr  de  »  0. 


\ 


Inserting  (11)  into   (12)   and  integrating  the  result  by  parts  with  respect  to 
r,  we  obtain 


Su 
3r 


R  de 


du 
3r 


r  de  - 


\ 


I  2- 

l^i^r  dr  de 
^"^  dr^ 


(3.13) 
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au 
ar 


fl    £^*  k^ul  r  dr  de 

Lr    ae  J 
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iK 


From  (11)  we  see  that  the  reduced  wave  equation  contains  the  term  — «•  •     Solving 

^2  ar 

a  u 


^ 


the  reduced  wave  equation  for  — y  ,  and  inserting  the  result  in  (13),  we  get 

au  ri  au     1  a^u     t-2-'\     ^.^ 

■^r-   \  —  •=r-  *  —^  — »?•  +  K   u      rdrde 


lIl^Hae  -      lll^rde  . 


(3.m) 
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iC?!?*"'"]^"''*  ■  "• 
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or 


Rde 


rde  + 


iau|2  (  / du  a^u  ^  8u  a^u  \  drae 


(3.15.') 


\ 


k^u  H*  IT^ug    \rdT69     -     0. 


Now  integrating-  by  parts  with  respect  to  9,  we  hav« 
.2-       ^-  ^2 


/ 


/  au  a  u  au  a  u  \ 


drde 


\ 


2    -    2-    \ 

a  u  au  a  u  au  \  drde 
arae  ae  *  arae  a5  )  r 


_a_  I  au  |2  drde 
ar  '  a^  '   r 


(3.16) 


■■r 


au  |2  de   I  I  au  |2  de 
a5  I  IT  M  '  a^  I  — 
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au  i2  drde 

a^  '  -~r  • 
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Inserting  this  result  into  (15),     we  obtain 


lil'rde 


(3.17) 


laui 


.aui'^  de 


•aF-  ^^^  -  Mi'    T  ^ 


lau.^  de 
•aS'    7" 


111    drde 


'R  R 
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By  making  use  of  the  radiation  condition,  C.  Wilcox  L  -■  has  shown  that 


[21] 


'-h  - 


R->oo 

r3.i8) 


liir.        p  Im  k    |k|^  |u|^dS  +  2  Im  k 

R_>  00    L  L  J 


|Vu|^dS 
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9u 
3r 


ds  +    |k|^ 
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uj^dsl 


2  link       u  ~  ds. 


R 


Sine©  all  terms  in  the  left  member  of  (18)   are  positive,  we  obtain  an  inequality 
by  dropping  the  last  two  terms  of  the  left  member.     We   then  square  this  inequality. 
From  the  inequality  which  results,  we  drop  the  two  squared  terms  of  the  left 
member  and  obtain 

i2 


(3.19)  8|k|^(lmk)^   j        luj^dS        1    |Vu|^dS  <  Ullm  k 

D  D  'fc 


"  i  ^=]' 


•nien 


^  D  D  C 


(3.20) 


—     Im  k 


|u|   ds    1    1^1   ds  1 


LL^       |u|   ds  *   e      I    1^1   ds, 
Emk)    c    /„  L 


2(lmk) 


2 

where  e     is  any  positive  number.     (18)   also  implies 


(3.21)         2Imk  |Vu|  dS  +  lim 

D 


/      |dU|2,     ^     2        |au|2,     ^   (Imk)' 


|u|    ds. 


If  we  now  take  the  limit  as  R  tends  to  infinity  in  (17),  we  may  use   the  in- 
equalities  (20)   and   (21)   in  the  resulting  equation  to  obtain 

.2  /     I...U 


^JiliXwir^)^)    \     (lul^ds 
^  2(lmk)2  /     e     I 


(3.22) 


r,  2        iau|2. 


provided  2s  Im  k  >  1.  Then,  provided  l-2c  >  0, 


(3.23) 
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This  is  the  two-dimensional  version  of  (5)   and  thus  the  Leirana  is  proved. 

Proof  of  Lerona  3.2.     The  procedure  for  obtaining   the  estimate  of  Leirana  2 
is  to  mimic  the  proof  of  Lemma  1  after  having  replaced  the  polar  coordinates 
of  Lemma  1  by  the  coordinate  system  referred  to  in  the  hypothesis  of  Lemma  2, 
In  what  follows,   a  and  p  as  subscripts  denote  differentiation  with  respect  to 
these  variables . 

In  these  new  coordinates,   the  reduced  wave  equation  is 

(3.21.)  F0[(|u^)^.(g.p)p]*k'u     -     0. 

In  place  of  equation  (17),  we  obtain 

B 


(3.25)  *  !uj^  (§)a'^°<^P  * 


lupi'  (f)pdadp 


Jl  (^^  V  ^  ^v)  ^ 


Here  the  domain  of  integration  is  the  area  between  the  curve  B  corresponding 

to  a  ■  0,  say,  and  the  curve  8^  corresponding  to  a  =  R.  The  hypothesis  of  or- 

-1  -1 

thogonality  of  the  coordinate  system  implies  that  B(x,y)/3(a,p)  »  F  G  .  Then 

dadp/FG  -  dS  and  G~  d3  "  ds  along  B.  Since  a  is  the  length  along  the  a-curves, 
F  5  1.  Since  B  is  a  curve  of  constant  o,  Fu  «  du/8n  along  B.  Combining  these 
facts  and  the  remaining  hypotheses,  Wilcox'  identity  (18)  enables  us  to  obtain 
the  estimate  (b)  of  the  lemma.  The  condition  (3)  of  the  hypothesis  is  necessary 
in  order  to  apply  Wilcox'  identity. 

When  B  is  a  convex  curve,  an  appropriate  orthogonal  coordinate  system  is 
readily  exhibitsd.  Let  B  be  given  by 

(3.26)  X  -  4(?)       y  -  >^(P), 

where  p  is  arclength  along  B,  and  ^(B)  and  >^(p)  are  twice  differentiable.  The 
curves  3  -•  constant  are  the  normals  to  B  and  the  curves  a  "   constant  are  the 
parallels  to  B.  Let  x  -  x(a,p)  and  y  -  y(a,p)  be  the  equation  of  the  coordinate 
transformation,  and  let  B  correspond  to  a  ■  0.  Th«n 

(3.27)  X     '     av^       *  i  y-  -aCp  +7. 
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Let   K!  "  ^Qa?(i  ""  ^QR^ft  ^  0  be  the  curvature  of  B.  Then 

(3.28)        f"-^  =  1       and      g"-^  «  1  +  a  K  . 
From  (28)  we  see  that  the  condition  (3)  becomes 


(3.29) 


Im  k  > 


JL 


l+aK 


>  K  . 


•Since  1/a  is  the  curvature  of  a  circle  of  radius  a,  (29)  is  seen  to  be  analogous 
to  the  corresponding  condition  of  Lemma  1» 


Proof  of  Lemma  3.3.  For  k  real  we  have 
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+  JT^u    |^)rdrde  =  k' 
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(3.30) 


j  lul^Rde  -  k^l   lul^rde  -  k^j  j   |u| 
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Inserting  this  into   (17),  we  obtain 
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Rd©  + 


1    |aui2 
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"R 


(3.31) 


lul^ 


From  the  radiation  condition  (1),  we  see  that  the  first  term  in  the  right 
member  of  (31)   is  equal  to 

when  R  tends  to  infinity.     From  Green's  theorem,  we  see  that  this  latter  quantity 
is  equal  to 


Thus 
(3.32) 


(     / 

lim 

f 

du 

af 

R^oo  /[,    \ 

K 

2     ,2,    |2\„^    1^2  lau 

+  k   |ul    iRde       <  e  ^ 


ds  ♦iJSS^         lul^ds. 
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This  provides  us  with  an  estimate  for  the  first  term  of  the  right  member  of  (31). 
We  will  now  show  that  for  ka  sufficiently  large 

D  C 

This  will  permit  us  to  neglect  the  last  two  tenns  of  the  right  member  of  (31). 
Thus   (32)  and   (33)  will  provide  us  with  our  desired  estimate. 
Let  u  -  f(e)   on  C.     Then 

(3.3U)  u     -     n     ^"?^(l^r)«^"®. 

-  00 


where 
(3.35) 

n  n 

(ka) 

1 
'7^ 

2n 

e' 

•ine 

f(e)de. 

We  have 

from 

Parseval 

•s  equality 

>■/ 

(3.36) 
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00 
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-00 
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2    1,(1) 
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and 

[^"    lu^l^de     .     2nk2^    |aj2    |H^l)'(kr)|2 
Here  the  prime  denotes  differentiation.     Now 


l(iii^-K^M^) 


drde  -  k^        lul^rde 
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00 


(3.37) 

00 
00 


'""'So   ''"''[|   (i<"'('-)l'-|''-l'*('"'l')*-''l«i"<-''l!] 


2Tik    JZ     I', 

-00 


f[{    (|Hl'''(t)|^-|H("(r)|2)  dt-kaiH(^'(k,)|2] 


We  will  show  in  Lemma  U  below  that  the  quantity 

00 

(3.38)  F(k,n)  -  j     (|H^l^'(t-)|2  -   lH^^^(t)|2^dt'  -  k\ti[^\k)\^ 

is  negative  for  k  larger  than  some  fixed  constant  uniformly  for  all  n.  Itius 
Lemma  h  and  (37)  will  imply  the  assertion  of  (33).  I^en  inserting  (32)  into 
(31),  we  obtain 
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(3.39) 


^(H^--[^iii 


li'  ^^^ 


which  proves  Lemma  3» 

We  now  turn  our  attention  to 

Lemma  3»U:  There  exists  a  constant  K  such  that  if  k  >  K  then  F(k,n)  <  0 

for  all  n. 

Proof  of  Lemma  3»Uo     The  method  of  proof  is  straightfoivard  but  the  details 
are  tedious.     We  will  therefore  sketch  the  ideas  of  the  proof. 
By  integrating  the  term 


,00 


h(1)'(^)     H^l)'(^)     dt 
n  n 


by  parts  and  applying  Bessel's  equation,  we   find  that 


F(k,n)   -  -  (^  *  k) 


H^^^k) 


(I.UO) 
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1   9^1 


H^l'(t) 


1     d 
1    HK 


dr 


H^^)(k) 


Now  (cf.    [2],  p.   Sh) 

i2 


00 


(3.m) 


H^^^(Z) 
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K   (2Z  sinh  t)   cosh  2nt  dt. 


Re   Z  >  0. 


(hi)  and  (UO)   show  that  F(k,n)  is  an  even  function  of  n.     We  may  therefore  con- 
fine our  attention  to  non-negative  values  of  n.     Now  H       (k)    =  0(1/  ylc)  o     Ihen 


,(1) 


(1), 


n 


k|H^-^^(k)i     -  0(1),  and  indeed  lira      k|H^^(k)r   is  not  zero    (cf.    [2],  p.  65). 
"  k->oo         "  ^,  2 

Ihe  integral  in  (38)   tends  to   zero  as  ka  tends  to  infinity,  \riiile  kaJH^     (ka) | 

tends  to  a  positive  constant  as  we  have   just  remarked.     Thus  F(k,n)  becomes 

negative  for  k  >  K(n).     We  must  now  show  that  the  max  K(n)  is  finite. 

From  (33)  we  compute 


(3.U2) 


dF(k,n) 

—35 — 


\\W\^ 
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|H„(k) 


n>0 

,2 


Now  we  use  the  asymptotic  expansion  (cf,    [2],  p.   8?) 


^9  - 


valid  for  k  large  and  n  >  k.     Inserting   (U3)   into   (U2)  we  find   thst  ^^^^'"^  <  0 
for  n-1  >  k. 

Now    |H^^(t)l     is  •  monotone  decreasing  function  of    r    for     t<  0  and 
n  >  ^  (cf.    [12],  D.35).     Then  for  A  >  k 

(3J,I,)  r  bS   |„(l'M|^dt    <     (1  -  n2)|H(^'(A)|=    f     «     . 

i       T  it 

We  insert  this  estimate  into  the  expression  (Uo)  for  F(k,n),  and  show,  using 
(U3),  that  F(k,n)  <  0  for  n  >  2k,  We  repeat  the  procedure  with  the  asymptotic 
expansion  ([2j,  p.  86) 

„(1),,  X   2-^/^  /,2  2x-l/U    r.f,?     2x1/2  ,   ,  -1  n   ,  n  .  l7] 
H^  (k)  •  (k  -n  )  '   exp  i(k  -n  )  '  +  in  sin  V      ^  7  ^^*  "2' \ 


(3.L5) 


(fn   *  0(^)) 


valid  for  k  large  and  n  <  ko     In  this  manner  we   find  that  F(k,n)  <  0  for  n  <  k 
and  n  sufficiently  large.     The  least  value  of  n  for  which  this  is  true  does  not 
increase  with  k  since  the  formula  (h5)  becomes  a  better  approximation,   the  larger 
k  is.     Since  F(k,n)  <  0  for  k  >  K(n),     the   last  remarks  show  that  F(k,n)  <  0  for 
an  n  <  k,   for  k  sufficiently  large.     Since  ^^}^'"^  <  0  for  n  >  k+1  and  F(k,n)  <  0 
for  n  >  2k  for  some  sufficiently  large  k,  we  may,  by  increasing  k,  obtain 
F(k,n)  <  0  for  n  >  k+1.     Thus  for  a  fixed  large  k,  F(k,n)  <  0  for  all  n  <  k 
and  all  n  >  k+1.     Now  (cf.    [21],  p.  231) 

n 


(3.1i6)  H^^\n)  ^  -^ 


where  y  is  a  numerical  constant.     Using  this  formula  in  (UC)  we  find  that 
F(n,n)  <  0  for  n  sxifficiently  large.     By  studying  the  derivation  of  (U6),  we 
find  that  the  same  formula  is  valid  for  H^J;^(n),     Ihus  F(n+l,n)  <  0  f or  n 
sufficiently  large.     Thus  F(k,n)  <  0  for  all  n  for  all  k  larger  than  a  large 
constant  K,  and  Lemma  b  is  proved o 
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2 
h,       Parainetric  theory  of  solubiona  of  the  reduced  wave  equation  /\  u  ■*•  k  u  «  0 

The  parametric   theory  of  ordinary  differential  equations  has  been  developed 
to  a  hi.ch  level.     In  particular  the  asjinptotic   theory  has  been  studied  extensive- 
ly by  many  authors  including  G,  D.  Birkhoff,  Langer  and  others.     On  the  other 
hand  the  parametric  theory  of  partial  differential  eqiaations  has  barely  begun  to 
be   investigated. 

The  existing  literature  on  this  subject  falls  into  several  categories.     In 
one  of  these  categories  an  appropriate  limit  partial  differential  equation  is 
associated  with  an  original  partial  differential  equation  is  associated  with  an 
original  partial  differential  equation.     The  original  equation  contains  a  para- 
meter which  is  considered  large »     The  limit  equation  is  usually,  but  not 
necessarily,   the  formal  limit  of  the  original,  equation  as  the  parameter  tends  to 
infinity,     A  statement  is   then  made  about  the  difference  between  the  solution  of 
the  original  equation  and  an  appropriate  solution  of  the   limit  equation  as  the 
parameter  tends  to  infinity.     In  1922  W.  Sternberg"-    -^   considered  the  equations 

2 


(U.i) 

&  *  (^ 

and 

(>a.?) 

&-^' 

Sternberg 

shows  that 

(c(x,y)  +  k   \u     «     0 


e. 


u 


(M 


where  u  is  a  solution  of  (1)  and  w  is  an  appropriate  solution  of  (2).  In  a 
second  paper  Sternberg  ^  '-I  shows  that  u-w  »  ^(~T7^)    ^°^  ^^®  P^^  °^  equations 


/\  u     +     fk{x,yik)  ♦  k^>u     -     0 
2^  w     +     k  w     -     0. 


M 


Here  A  is  bounded  uniformly  with  respect  to  k.     In  19Uii  W,  Wasow^    -•   considered 
the  pair  of  equations 

/\  u  -H  k  1^  -  k  f(x,y) 


ax 

aw 

ax 


^    -    f(x,y). 


,[9] 


In  19^0  N.  Levinson'-  -'  considered  the  pair  of  equations 
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^  /\  u  *  A(x,y)  ^  *   B(x,.y)  0  *  C(x,y)u  -  r(x,y) 

A(x,y)  1^  *   B(x,y)  0  +  C(x,y)w  =  D(x,y). 

In  all  of  these  results  the  domain  of  definition  D  of  the  solutions  is  bounded^ 
In  Sternberg's  results  there  is  no  discussion  of  boundary  values  of  the  solutions. 
In  the  results  of  Wasow  and  Levinson  it  is  shown  that  the  solution  w  of  the  limit 
equation  takes  on  the  values  of  the  solution  u  of  the  original  equation  on  appro- 
priate segments  of  the  boundary  B  of  D.  This  is  as  much  as  can  be  expected  since 
the  original  and  limit  equations  are  of  different  orders, 

A  second  category  of  the  literature  deals  with  formal  series  expansions  of 
solutions.  In  1933  G.  D,  Birkhoff  L^-J  suggested  a  procedure  for  obtaining  formal 
series  expansions  of  solutions  of  the  reduced  wave  equation 

(U.3)  ^  u  +  k^u     =     0. 

..  ^   oo  C 

The  procedure  is  to  insert  the  series  e         y    ^    into   (3),  and  equate  co- 

0       (ik)" 
efficients  of  the  various  powers  of  k  to  zero.      This  gives  rise   to  a  recursive 

system  of  first-order  partial  differential  equations  for   the  determination  of 

the  coefficients  T  and  (T ,  of  the  terms  of  the  series,     Birkhoff  conjectured 

that  there  exists  an  appropriate  solution  of  (3)   to  which  the  formal  series  is 

asymptotic , 

ri8i 

In  19UU  W,  Tr  jitzinsky  •-  -'  generalized  Birkhoff 's  procedure  by  considering 
a  more  complicated  formal  series  and  a  linear  partial  differential  equation  of 
the  m-th  order.  The  domain  D  of  definition  of  the  solution  of  the  equation  is 
bounded,  Trjitzinsky  shows  that  under  appropriate  conditions,  the  formal  series 
exists  in  a  siibdomain  D,  of  P,  In  the  case  when  the  equation  is  of  elliptic  or 
hyperbolic  type,  he  also  shows  that  there  exists  an  appropriate  solution  of  the 
differential  equation  to  which  the  formal  series  is  asymptotic  in  a  subdomain 
T)^  of  D,  o  o 

In  1952  M,  Kline  •-  -^  considered  the  hyperbolic  wave  equation  /N^  u  ■  — »• 

2  at 

from  which  ^u+ku=Ois  reduced.  He  showed  that  if  a  solution  of 

9^u 
^  u  ■  — jr  has  certain  jump  discontinuities,  then  the  corresponding  solution 

3t^  2 

of^u-«-ku«0  possesses  an  asymptotic  expansion  of  the  type  conjectured  by 

Birkhoff, 

In  1955  J.  B.  Keller,  R,  M.  Lewis  and  B,  D,  Seckler*-  -'  applied  the  procedure 

of  Birkhoff  to  a  large  number  of  specific  diffraction  problems.   They  compare 

their  series  with  those  obtained  from  the  exact  solution  of  these  problems.  In 
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every  such  comparison  there  is  complete  apreement  between  the  known  correct 
result  and  the  formal  series. 

We  will  investigate  further  the  range  of  the  validity  of  the  method  suggested 
by  Birkhoff .  We  consider  a  solution  u  of  the  reduced  wave  equation  defined  in 
the  exterior  D  of  a  bounded  or  unbounded  domain.  The   values  of  u  on  the  boundary 
B  of  D  are  prescribed,  u  satisfies  the  radiation  condition. 

We  first  illustrate  the  method  of  Birkhoff  and  show  how  to  obtain  a  foranal 
series  expansion  for  u,  following  closely  some  of  the  material  in  [?] o  Then  we 
define  the  notion  of  regular  domain  and  prove  two  lemmas  upon  which  the  proofs 
of  the  theorems  given  later  will  depend.  Next,  we  discuss  the  asymptotic  pro- 
perties of  the  formal  expansion.  We  show  that  the  expansion  is  asymptotic  to 
a  solution  of  the  reduced  wave  equation.  Some  theorems  are  given  which  exhibit 
the  relationship  between  this  solution  and  the  exact  solution  of  the  boundary- 
value  problem.  In  the  case  where  the  domain  is  regular  and  the  complement  of 
a  certain  class  of  bounded  domains,  we  use  the  estimates  of  Section  3  to  show 
that  the  formal  expansion  is  asymptotic  to  the  exact  solution  of  the  boundary- 
value  problem. 

We  proceed  now  to  review  Birkhoff 's  method  by  applying  it  to  a  two-dimensional 
boundary-value  problem.  This  problem  may  be  stated  as  follows.  Let  u(x,y)  be  a 
solution  of  the  reduced  wave  equation 

([1.3)        /^  u  +  k^u  =  0 

in  the  exterior  D  of  a  bounded  or  unbounded  domain.  Let  B,  the  boundary  of  D,  be 
given  parametric ally  by  x  =  x  (t),  y  *  y  (t).  t  is  arclength  along  B.  As  t  in- 
creases B  is  described  in  the  usual  positive  sense.  On  B  let  u  be  prescribed  by 


Va.h)  u^  .  e^-^^^^'^^  JZ 


•y  ril  \     ^  S  (x,y) 

ik^(x,y)  r-    n'  *•' 


n=o 


(ik)" 


Finally  let  u  satisfy  the  radiation  condition 


(U.5)  lim 

R^>oo  J 


9u       ., 

tr iku 

dr 


2 

ds     »     0, 


R 


C„  is  a  circle  of  radius  R  with  some  fixed  point  in  space  as  center,     ds  is 
a  line  element. 

To  find  the  asymptotic  expansion  of  u,   the  procedure  of  Birkhoff  is  as  follows: 
Assume  that  u  has  an  asymptotic  expansion  u       of  the  form 

—.  . 

When  it  is  necessary  to  stress  the  fact  that  a  function  is  evaluated  on  the 

boundary  B  of  D,  we  will  use  the   subscript  o. 
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(h.6)  u"*     -    e^^^^^»y^  r      -^^^ ;r     • 

7^0    (ik)" 

We  insert,  u       into  (3)>  and  equate  the  coefficients  of  various  powers  of  k  to 
zero.      This  yields  the  follovdnp  system  of  equations  for  T  and  C,  n  »  0,],2,,,,: 

a'.7)  (VT)^     -     1 

(h.8)  2Va^    •  VT  +  C^V^T     -     "^^°^-i»  <^-l    *     0* 

Thus  T  and  C    are  solutions  of  first-order  partial  differential  equations.     Their 
boundary  values  are  obtained  by  equating  the  value  of  the  formal  expansion  on  B 
to  the  boundary  values  (U),  of  u.     We  obtain 

()i.9)  T^     -     0 

(U.IO)  (T      »     a  n  -  0,   1,    ....  M 

n  n 

o 

<r      »     0  n  -  M+1,  N+2,    ...      . 

0 

Thus  the  formal  expansion  u   is  equal  to  u  on  B. 

To  solve  the  eiconal  equation  (7),  we  let  T  »  p,  T  *  q  and  use  the  method 

X      y 

of  characteristics,  VJe  denote  the  arclength  alonp;  the  characteristics  by  s.  This 
method  yields  the  followinp  system  of  ordinary  differential  equations: 


a) 


dx 
ds 

dy 


(U.ll) 


^)  s-^ 


c) 


dT 
IE 


d) 

s- 

e) 

s- 

f) 

2         2 
Po  *  % 

^0 

PoTT^ 

^^0 
^  %    dt     • 

g) 

From  (13 f)  and  (llg)  we  find 

V  &^  ^o .   ^^o    /z — ;d^ 

^^   Po  "  dl  dT  *  dT  /  ^  "  ^dt^ 
(U.12) 


'^^    dz. 


,  V        d0   •'o      0   /I    7d«7 


;? 


From  (11a)- (lie)  we  find 


a)   X  -  p^s  +  x^ 
o      o 


Oi.l3)         b)   y  -   q^s  +  y^ 


3U  - 


for  the  characteristics  or  rays,  and 

(h.lh)        T  ■  s  *  (^. 

The  recursion  eqvistions  (8)  may  be  solved  as  follows.  From  (?)  we  see  that 

the  vector  VI   normal  to  the  surfaces!  =  constant  is  a  unit  vector.  From  (11a) 

and  (lib)  we  see  that  the  rays  are  also  normal  to  this  surface,  Ihu?  V<r  •  VI  is 

dC  ^ 

just  the  ordinary  derivative  -i-ii  of  <r  with  respect  to  the  length  of  a  ray  along 

each  ray.  Thus  (8)  is  just  an  ordinary  differential  equation  along  each  ray.  The 

solution  of  (8)  along  a  ray  is 

P  6  S 


(h.l5)  <rjs)   .  <r(0)expp  ^   I  V^Ydtj  -  7   I  explj  J   f  V^Yds '1 


v^<r  -(t)dt 

n-1 


or 


(U.16) 


ff'(s) 
n 


<r^(o) 


rG(s)-i 


1/2 


G^/^(s) 


G"^/^t)  vV_j(t)dt. 


"b . 


G(s)  is  the  curvature  of  the  surface  f  ■  constant  at  the  point  s  along  the  ray 
emanating  from  {\(t) ,y^(t))   ,  and  <5^(0)  -  a^  (*o^^^»^o^*'0  * 

We  will  introduce  new  coordinates  (s',p)  in  place  of  (s,t).  s'  is  the  dis- 
tance along  a  ray  measured  from  the  envelope  or  caustic  of  the  rays,  p  is  the 
angle  which  each  ray  makes  with  the  x-axis.  These  coordinates  are  called  caustic 
coordinates.  Let  s  (t)  be  the  distance  along  a  ray  from  the  caustic  to  B.  s^(t) 
has  the  same  sense  as  s,  Ihen  (."5',p)  are  related  to  (s,t)  by 


(U.17) 


s'  »  s  +  s^(t). 


p 


tan 


•1  %(^) 


The  regularity  of  the  caustic  coordinates  depends  on  B  and  <jf»     We  will  now  drop 
the  prime.  In  the  new  coordinates  (16)  and  (lij)  become  respectively 


(U,i8)    <r  (s,«)  .  cr(s^,p)(^)'  '  -  -^ 


t^/2  V  <r_^(t,p)dt, 


(h,19)      T  -  s  -  s^  -  (/. 

Let  the  caustic  be  given  by 

(lt,?0)      X  -  ?(p),         y  -  v^(P). 

Let  a  dot  denote  differentiation  with  respect  to  p.  Let 
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1?         .2 

a  =  C  +  >^ 

()i.21)      b  -  4  cos  p  +   ^  sin  3 

*•         •  • 

c  »=  4  cos  p  +   -M  sin  p . 

With  these  abbreviations,  we  may  express  the  (T  in  caustic  coordinates  as  follows 
(U.22)       (j;(s,p)  -  ^  f  (?)s"^/2"'5 

^jn  'h^'   ?^V3,n-l  *  Vl,n-1  *  ^^(^-^)^:-2,n-l 
{h.23)  *  ^(^-  I^V2,n-l  *  «<^-  l^(^-  ?)V3,n-l  ^  ^  ^  ^ 

^on  "  ^n^^o'P)^^'  -  i:,  Vo^'  "^° 

f  =  <r(s  ,fl)s-^/^  . 

oo    o  o**^   o 

We  now  turn  to  a  discussion  of  the  formal  details  concerned  with  the  existence 
of  the   formal  series  and  the  re^larity  of  the  caustic  coordinate   system.     We  make 
the  following  definitions  and  assumptions, 

p     and  a     will  be  real  for  all  values  of  t  provided  the  radicals  in  (12)  are 
real.     This  requires  (-xv)     <  1,     If  the  boundary  values  of  u  arise  from  an  inci- 
dent field,  this  condition  is  automatically  satisfied.     For  in  this  case,   the 
phase  of  the  incident  field  satisfies  the  eiconal  equation  (7).     From  (13)  and  the 
ambipuity  of  sign  in  (12),  we  see   that  each  value  of  t  gives  rise  to  two  rays. 
Thus  as  s  increases  from  s    ,   two  rays  will  emanate  from  B  and  enter  D  or  its 
complement.     In  principle  we  could  use  either  sign  and  the  corresponding  ray  to 

solve  for  the  coefficients  T  and  <r  ,  n  ■  0,  1,  2,    .,,,  of  the  formal  series. 

n  '11         f 

Indeed  we  could  use  one  sign  for  certain  values  of  t,  and  the  other  for  the  re- 
maining values. 

Now  the  characteristic  differential  equations  and  the  choice  of  sign  in  (12) 

assign  a  positive  sense  to  the  arclength  s  on  each  ray.     If  as  s  increases  from 

ikls  I 
s   ,  a  ray  enters  D,  then  along  this  ray  the  formal  expansion  behaves  like  e      '    ' » 

Since  a  solution  ofAu+ku     ■    0  which  satisfies  the  radiation  condition  be- 

ikr 
haves  like  e        ,   the  formal  expansion  could  not  be  valid  along  the  second  type  of 

For  details  concerning  the  derivation  of  these  expressions,   see    [?] . 
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ray.  If  for  each  value  of  t  one  of  the  rays  emanating  from  B  were  of  the  fornier 
type  while  the  second  were  of  the  latter  type,  this  observation  would  serve  to 
determine  a  single  ray  for  each  t  along  which  to  compute  f  and  the  (T  ,  The  follow- 
ing lemma  and  remark  assert  that  this  is  indeed  the  case. 

Lemma,  If  ,    *i i  >  0  for  a  value  of  t,  then  the  corresponding  ray  enters  D 
as  s  increases  from  s  ,  and  conversely. 

0' 

Remark;     -^ — ^^     ■  +  y  1  -   (^)   ,   the  upper  and  lower  signs  corresponding  to 
the  upper  and  lower  signs  in  (1?). 

The  proofs  of  these  facts  follow  from  simple  computations  using  (11),    (12) 

and   (13)>   and  will  therefore  not  be  given. 

If  -r/— ^^T  "  0  for  s  «  s     and  certain  values  of  t,   the  preceding  remark  asserts 
a\s  ft,)  o 

that  the  radicals  in  (12)  vanish.     In  this  case  the  ambiguity  in  sign  disappearso 
Vfe  introducfe   the  notion  of  a  regular  domain  in  the  following 
Definition.     A  domain  D  with  boundary  B  is  regular  relative  to  0,  if  the 

portions  of  all  rays  for  s  >  s     form  a  field  in  D,   if  s     >  e  >  0,   and  if 

maxJ    k(?)lh(p)lk*(p)||^0)ir4(,?)||  Y^P)|    y    <     A. 

6  and  A  are  positive  numbers. 

Hereafter  we  will   consider  only  the  portions  of  the  rays  which  correspond  to 
positive  values  of  So 

Examples  of  Regular  Domains 

2 
i)       The  domain  to  the  left  of  the  parabola  x  ■  y     is  regular  relative  to  the 

phase  0  ■  X  (plane  wave).     The  caustic  in  this  case  degenerates  to  the  focus 

of  the  parabola, 
ii)      The  domain  exterior  to  a  bounded  smooth  convex  curve   is  regular  relative  to 

jf  »  constant, 
lii)  No  domain  which  is  the  exterior  of  a  bounded  domain  is  regular  relative  to 

(jf  »  X,     If  the  boundary  is  smooth,  then  by  deleting  appropriate  portions  of 

D  a  regular  subdomain  of  D  is  obtained. 

From  (22)   and  (23)  we  see  that  c  (s,p)   is  a  function  of 

-2n  ^  ^2n-2 

3a  3     a  3a,  3         a- 

(li.2U)  a^,  ^  ,   .,.,  — 57J,  ^i*  -^  >    ..•>       5n-2   *   •••»  ^n   ' 

Op  or> 

Thus  the  amplitudes  a  ,  n  =  0,  1,  . . .,  N  of  the  boundary  values  of  u  must  be 
sufficiently  often  differentiable  for  the  formal  expansion  to  exist  to  N  terms. 
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Hereafter  we  will  assume  that  these  quantities  are  as  differentiable  as  is 
necessary  to  justify  the  arguments  which  follow. 

The  relationship  between  caustic  and  cartesian  coordinates  is 

(U.25)      X  -  C(P)  +  6  cos  p,       y  -  ^(P)  +  s  sin  p. 

The  Jacobian  of  this  transformation  is 

(U.26)  J(s,p)   •  4  sin  p  -     -^  cos  p  -  s. 

The  Laplacian  in  caustic  coordinates  is 

.2 


(1..27)     ,2.  (U^)  1^.(1 


c    a  \  _a_   2b  3^    18^    b  Ji_ 

T  '  3;  S«  "  I?  3S3P  *  7  3p^   ^  ^P 


B' 


s   ds    ^  ~   s"  s" '  ~~       s~ 

a,  b  and  c  are  defined  in  (21),  We  will  now  state  and  prove 

Lemma  li»l.  L^t  D  be  regular  relative  to  ^.     Let  the  quantities  occurring  in 
(2U)  and  the  first  and  second  derivatives  of  these  quantities  be  bounded. 
Then 


()4.28) 


A  <^nl  ^'^ 


Zi^n'^S 


are  botmded. 

Proof.     Applying   (27)  to  (22),  we  obtain 


yV 


1     ^    1 


'°"77?5o7 


(U.29) 


c(^  ♦j)f  jj^+2(l+j)bf^^^       (^  ^3)(|  *3)af^^ 


Since  D  is  regular  relative  to  0,   s  >  e  >  C  at  every  point  in  D.     From  the  re- 
currence formulas  (23)   and  the  hypotheses  we  see   that  all  quantities  in  the  right 
member  of  (29)   are  bounded.     Thus    |v  (T  |  is  bounded  in  D,     From  (29)  we  have  a 
constant  C^(n)   such  that 


(U.30) 

Then 

(U.31) 


\v  <r 


Cj(n) 


;i  ^  TTT 


|'iy<r  Idxdy  < 


2n     ,00  „   f    \ 
/       f      C, (n) 


2n     CO 


C 


J 


i^^   |j(s,p)|dsdp  <  C(n) 


dftds 
37?     ' 


o  o 

from  (26).     Here  C(n)  is  some  constant.     This  proves  the  lemma. 
We  will  now  state  and  prove 
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Leinrr,a  U.2  .     Under  the  hypothesis  of  Lemma  li.l,  u     satisfies  the  radiation 


condition . 
Proof o     We  have 


n     ->o\  N  0     6 

(U.32)  u       «     e 


3n 

-IT?    2_-  ,...n         • 

s  '       n«o         (ik) 


ik(9^-s^)  ^iks      N        4^0^^"^ 


Now,  denoting  differentiation  with  respect  to  r,  p,  and  s  by  subscripts,  we  have 
from  (32) 

u     -   iku     ■  u„   B     +  u     s     -  iku 
r  p  '^r         E     r 

3n  /  ik(0-s   )       \         _. 

8-^/^     K^o  (ik)"  "^ 

3n  /  ik(gr-s^)       X     _j 


jn   /  iK^y-s^;       \ 
^iks     N        ^  r  ^jn) 

e  r—         J-O '■ ^     ^ 

*  7^  fco         (7k7^ 


From  (20)  we  have 


(U.3U)  T^  -  K^  *     r^  *  s^  *  2s(m    sin  P  +  4  cos  p) 


and 


(^•5«  tan  9     "    ^^fg^f     • 

From  (3U)  we  have 


(U.36)  lim      I    .     1. 

8 
B— >00 


Differentiating  (3U)   and  (35)  with  respect  to  r,  we  obtain 

T  '  B   Q,i  *    >7>|  +  8(  v|  sin  p  ♦  v^  cos  p  +  I  cos  p  -  4  sin  pj) 

+   s   (s  ♦  vj  sin  p  +  C  cos  p), 

(U.37)  .  .  . 

0  ■  P  f  (  17  ♦  8  cos  p)(4  +  s  cos  p)  -  (^  -  s  sin  p)(  v^  +  s  sin  p)) 

+  8  ^sin  p(4  +  s  cos  p)  -  cos  p(v^  ♦  s  sin  p))  . 


39  - 


Upon  solving  (37)  for  ?  and  s  ,   we  nay  deduce,  using  (36),  that 

(Uo36)      B   »  O(-)        and      s^  ->  1   as   s  ->oo, 
r      s  r 

Then  from   (33)  we   see   that 

(U.39)  |u^  -  iku^l   <  o(l)  o(-^)   -  0(1)  0(^) 

s  r 

which  proves  the  lemma . 

We  are  now  in  a  position  to  discuss  the  asymptotic  properties  of  the  formal 
series.  First  we  will  consider  domains  P  which  are  regular  relative  to  ^   and 
whose  boundaries  B  are  bounded.  These  conditions  will  not  be  mentioned  speci- 
fically in  the  hypotheses  of  the  theorems  which  are  stated.  Later  we  will  indi- 
cate the  extent  to  which  these  results  are  valid  when  B  is  unbounded  but  D  is 
still  regular.  Finally  we  consider  the  case  where  D  is  not  relative  to  0, 
We  will  prove  the  following  theorems. 

Theorem  it,l«   u  ,  the  formal  series  to  N  terms,  approximates  a  solution  of 
the  reduced  wave  equation  to  the  order  0(k     '  ).  This  solution  is  the 
exact  solution  of  the  boundary- value  problem  plus  a  remainder.  The  boundary 
values  of  this  remainder  are  at  least  as  small  as  the  above  degree  of  approxi- 
mation. 

Theorem  U.2.   u  approximates  to  the  order  0(k     ^   )     a   solution  of  the 
rediiced  wave  equation  composed  of  a  single-  and  double-layer  distribution. 

The  densities  of  these  distributions  are,  respectively,  the  values  of  the 

N  N 

normal  derivative  of  u  on  B  and  the  value  of  u  on  B. 

N 
We  know  that  the  boundary  values  of  u  are  the  same  as  the  boundary  values 

of  u  for  N  >  M.  For  N  <  M  we  know  from  (10)  that  |u^  "  %l  1  0(k""'  ),  The 

following  relationship  persists  between  the  values  of  the  normal  derivative  of 

u  on  B,  8u  /8n,  and  the  values  of  the  normal  derivative  of  u  on  B,  3u  /3n. 

Theorem  U.3.   3u  /3n  satifies  the  integral  equation  of  the  first  kind  for 

8u  /3n  to  the  order  0(k"^'^/^)  for  N  >  M  or  to  the  order  0(k"^^'  ^^^)   far 

N  <  M. 

Further  we  shall  prove 

Theorem  boU.   Let  B  be  a  smooth  simply  closed  curve,  and  let  Im  k  >  0,  If 

2  Im  k  is  larger  than  some  constant  C(B),  then 
N      o(|i,|-N.  19A^) 

(Im  k)'^ 
Theorem  U»$»   Let  B  be  a  circle  of  radius  a,  let  k  be  real,  and  let  k  >  — . 


-  Uo  - 

Then 

u   ■  u  +  0(k      '  ). 

For  the  proofs  of  all  these  theorems  we  will  need  the  following 

Lemma  U.3«   Let  w  satisfy  the  radiation  condition  and  be  a  solution  of 

^  u  +  k  u  »  f.  Let  |f I  and     |f |dS  be  bounded  uniformly  with  respect 

D 
to  k.  Then  for  P  in  the  closure  of  D,  we  have 


^^^)  *  H  [1^  H(^\k|P-Q|)-w  |j  H^l^k|p-Q|)]ds|  <  0(k-  2/^). 
-3 


(liJiO) 


Proof  of  Lemma  U.3«  ""ince  w  satisfies  the  radiation  condition  and  1  |  |f  |dS 
exists,  we  have  from  the  corollary  of  Theorem  1,3  D 

Uiw(P)  .  j  r|^H^^^(k|P-Q|)  -  w|jH^^^k|P-Q|)lds 

(hM)  ^  I    (       Ci) 

fHi^^k|P-Ql)dS. 


D 

We  will  now  show  that  the  domain  integral  is  bounded  by  0(k       '    ).     The  Hanl-el 

-1/2 
function  decays  like   (k|P-Q|)     '     as  k|P-Q|  ->oo,  and  has  an  integrable  logarithmic 

singularity  at  P  =  Q.     These  facts  together  with  the  J^potheses  show  that  the  domain 

integral  is  absolutely  integrable.     Now  break  up  D  into  a  bounded  part  containing  P 

and  its  complement.     In  the  unbounded  part  we  have    |P-Q|  >  constant.     Thus  the 

integral  over  this  part  is  bounded  by  0(k       '    ),     Sternberg'-    -J  has  shown  that 

(U.)l2)  I   J    |H^^^k|P-Q|)ldS     <     0(k'  2/^), 

where  A  is  a  bounded  domain  and  P  is  any  point  in  the  closure  of  A.  The  constant 
occurring  in  the  order  relation  (U2)  depends  on  the  area  of  A.  Since  |f |  is  bounded 
uniformly  with  respect  to  k,  (U2)  completes  the  proof  of  the  lemma. 

Now  we  proceed  to  prove  Theorems  1-5. 

Proof  of  Theorem  UJo  Let 

(U.U3)        k"^  w^  -  u  -  v^. 

From  the  recurrence  equations  (?)  and  (8),  we  obtain 

n  iM        A  N   .2  N   ,  .^N  ikY  «  ^ 


-  Ul  - 


Lemma  1  implies  that  f  »  (-i)  e   /2i  ^  satisfies  the  hypothesis  of  Lemma  3. 

N 
Lemma  2  implies  that  w  satisfies  the  radiation  condition.  Thus  if 


(U.'45) 


B 


N 


Lemma  3  applied  to  w  implies 

{hJx6)  Iw^  -  k^'^l  <  0(k-  2/^). 

By  (U3)  this  is 

(h.U7)        |u-uN-rN|  ^  Q^j^-N^  2/<^^ 

Sirr«  R  is  a  solution  of  the  reduced  wave  equation,  (U7)  proves  the  first  two 
assertions  of  Theorem  1<,  The  last  assertion  of  the  theorem  follows  from  (U?) 
for  a  point  on  B  and  from  the  following  inequality,  which  is  implied  by  (9)  and 
(10): 


(b.U«.) 


I  Nr       ^ 

u     -  u         < 

'    0  o'      - 


M 
fel 


o(k-N-i) 


N     >     M 


N     <     M 


•J 

Proof  of  Theorem  U»2.       Since  ^u  +  ku»0,   (hh)  becomes 
(U.)j9) 


A   N   .  2  N 
/\  u  +  k  u 


(ik) 


1    ikT  A  ^ 


N  • 


From  Lemmas  1  and  2,  we  see  that  we  may  apply  the  corollary  of  Theorem  1,3  to 

N 
u  .  This  gives 

^"^^^^  '   j  [^  H^^)(klP-Q|)  -  u^  |j  H^^^k|P-Q|)]d8 
B 

-^-i^jje'«Arf)(klP-Q|)dS. 


In  the  proof  of  Lemma  3  we  pointed  out  that  the  domain  integral  in  (Ul)  was 
bounded  by  0(k     ).  The  same  estimate  applies  to  the  domain  integral  in  (50), 
and  this  implies  Theorem  2, 

Proof  of  Theorem  Ut3«   In  (50),  let  P  approach  B.  In  the  limit  we  have  for 
P  -  B 


U2  - 


dS 


(U.51) 


(ikr; 


ikT 


(1), 


e     A  Vo   (*'l^"'^l^^^ 


Usinp  (9)   and  (10),  we  can  write   this  as 


5iu(P)  - 


(b.52) 


4  hI^'-  *  y^k  -i^'- 

ikT 


(ik)"/ 


D 


^    N  °  fcl  (ik)° 


1  fo    (ik)"     ^"     ° 


B 

If  N  >  M,  the  last  two  terms  in  the  right  member  are  zero.     Thus   ($2)   together  with 
the  estimate  for  the  domain  integral  derived  in  Lenma  3  imply 


(U.53) 


B  B 


o 


<    o(k-^^-2/5). 


This  proves  the  theorem  in  this  case.     For  N  <  M,  we  must  show  that  the  last  two 
terms  of  the  right  member  of  (52)   are  bounded  by  0(k  '^) ,     The   first  of  these 

tarns  is  0(k~  ~   ),  so  that  we  need  only  consider  the  integral.     We  have 

ikT 


f    _!n_Hi^)ds|<0(k-^-l)    f 
fel  (ik)"     °         '  -  I 


3     „(1) 
3H  "o 


ds. 


{h.%)  I  e 

I  ;q  Wl  (ik)"    -         '  -g 

By  the  methods  used  by  Sternberg L  '-",  we  can  show  that  the  integral  in  the  right 
member  of  (5U)  is  bounded  by  0(k  '-').  This  and  (bU)  complete  the  proof  of  the 
theorem. 

Proof  of  Theorem  U»U.   From  Theorem  1  we  have  for  Im  k  >  0 


u«-u.RN.0(lkr-2A), 


(U.55) 

and 

(U.56)       IR^I  <  odkf^-  ^/^). 

R  as  given  in  (U5)  is  a  sum  of  layers,  A  computation  with  (U5)  shows  that 
R  satisfies  the  radiation  condition.  Thus  by  Theorem  1.3, 


-  U3  - 


(U.?7) 


R«(P)  -  J 


From  this  we  get 

lub|RN(P)|  <  1 

(b.58) 


[H(l)(klP-Ql)|!-R'^|.H[^)(k|p.Q|)]d». 


lub    lR^P)|   j    I   |jH^^\k|P-Ql)jd8 
B 


8R"    ,2 


B  '       B 


ds 


Let  C(B)  be  larger  than  the  right  member  of  (3«3)»     Ihen  the  estimate  of  Lemma 
3.2  is  applicable.     Inserting  this  estimate  in  (58),  we  obtain 

lub|R"(P)|  <  J       0(|kr'«-  2/5)  j    j  |.H^^^k|P-Q|))ds 
L  ^B 

(U.59) 


,(1)|2 


B 

N 


- /^ /WtSIJ^^^^ 


"ds 


vN  ikT, 


To  estimate    j-w — |,  we  proceed  as  follows.     Setting  f  "  (-i)  e      £^  ^  1-"  (Ul), 
we  obtain 

(h.60)  liiw^(P)  -  UikV(P)  -  j  j   i'lfe^^^l^s^  <rjjH^l\k|P-Q|)dS. 


From  ()i3),   (9)   and  (10),   (60 )  becomes 

(U.61)  R^(P)  .  -  e^^^  f    A.-  *  ^  e^^A  <Ol(l\k|P-Ql)dS. 

K71  (ik)"       Uik'^y  ""    ^° 

Since  by  Leiima  1,    I  ^  <5ii  I   i®  bounded,  wb  obtain  from  (61) 

(U.62)       1  ^rV)i  <o(ikr^)  *o(ikr*')  j  j  i^H(^^(k|p-Qi)ids. 

D 

flTl 
Using  the  technique  of  Sternberg's  estimate *•     ',  we  can  show  that 


|jH^^^lds<0(|k|2/3) 


(U.63) 


B 


j  I  H^i^i^ds  <  o(ikr2/3) 

B 


and 
(U.6U) 


I^H^^^I  dS  <  0(|kp/5). 


Now  insert  (61a)  into  (62) ,  Insert  this  result  and  (63)  into  (59).  We  obtain 
lub|R''(P)|  <  Odkr"-  ^/5)  0(|kl^^') 


(U.65) 


(In  k)' 


<  0(  |k|-»*  V15,  ,  od-f'^'^^g)  .  o(  m-"*  ^^f ) 


(Im  k) 


(Im  k) 


Inserting  this  into  (56),  we  obtain 

,,  ^,        N        o(|,|-N.  19/1^) 
(U.66)      u   •  u  +  ■  ■'  ' 5 — i-  , 


which  proves  the  theorem. 
Proof  of  Theorem  li,$. 


(Ira  k) 


The  proof  is  the  sarae  as  that  of  Theorem  U,  except 


that  the  estimate  of  Lemma  3 •3  is  used  rather  than  the  estimate  of  Lemma  3.2. 

We  now  examine  these  results  for  the  case  of  regular  domains  with  infinite 
boundaries.     Since  the  estimates  of  Section  3  are  not  known  to  be  valid  when  B 
is  infinite.  Theorems  h  and  5  are  not  necessarily  true  in  this  case.     An  examina- 
tion of  the  proofs  of  the  rem.'jininp  theoiems  of  this  section  reveals  that  they  still 

N      N 

hold  if  the  representation  of  the  corolla.fy  of  Theorem  1.3  for  u  and  w  is 

applicable  when  B  is  infinite  (see  (Ul),  (!?0)  and  (5l)).  Theorem  3  requires 
an  additional  consideration  which  we  will  mention  below.  The  corollary  of 
Theorem  l.U,  which  provides  this  representation  when  B  is  infinite,  requires 
that  certain  boundary  integrals  exist.  By  the  remark  preceding  the  corollary 
of  Theorem  l.h,  these  integrals  will  converge  and  the  proofs  of  Theorems  1,  2, 
and  3  will  be  valid  for  B  infinite  if 


(U.67) 


lin   R  max 
R->oo 


l8u 
c 

dn 


Ni 


i8u  I 
o 
ST 


<  constant. 


(U.68) 


Now  in  the  proof  of  Theorem  3  in  the  case  that  N  <  M,  we  used  (see  (5U)) 
M 

dn     o 


2/3> 


E    *n^Q)  l:Hi^\k|P-Q|)|d8     <     0(k"^^). 


(67)  implies  (68)  for  B  infinite. 

We  formulate  this  discussion  as 


-  h5  - 


Theorem  Lt.6o       Under  the  additional  condition  (67),   Theorems  1,  2,  and  3 

are  valid  when  B  is  infinite. 
For  N  >  M,  we  may  make  the   following  stronger  statement. 

Theorem  ho7.       If  the  representations  of  (Ul),    (50),   and  (5l)   are  valid, 

then  Theorems  1,  2,   and  3  are  true  when  B  is  infinite. 

Finally,   we  examine  the  results  for  the  case  of  non-regrular  domains. 

A  domain  V  which  is  non-regular  relative  to  0  may  be  divided  into  a  regular 
domain  R  and  a  non-regular  domain  N;  then  D  •=  RUN,     In  the  figure,   the  exterior 
of  a  circle  with  0"X,   a     -l,a     «0,n>lis  decomposed  in  such  a  manner.     On 
the  left  side  of  the  circle  ve  choose  the  upper  sign  in  (12),  while  on  the  right 
side  we  choose  the  lower  sign.     The  caustic  of  the  rays  from  the  left  side  is  in- 
dicated in  the  figure.     The  caustic  of  the  rays  from  the  right  side   is  the  point 
at  X  ■   -00,     The  common  boundary  of  R  and  N  is  formed  by  the  two  rays  L,     The 
common  boundary  is  chosen  in  this  manner  in  order  to  make  4,     >^,  4*     ^     bounded 
in  R. 

Let  B_     "     RAB,     Let  T  «  ^'^\  ^e   the  boundary  of  R. 

Our  theorems  are  inapplicable  to  N  because  the  caustic  of  the  rays  in  N  is 
at  X  »  -00.     However  the  domain  R  with  boundary  T  falls  into  the  case  of  regiilar 
domains  with  infinite  boundaries  considered  above,  except  for  some  contingencies. 
The  first  of  these  concerns  the  representations  used  in  (hi),   (53),  and   (5l)« 
The  integrals  over  B  are  now  replaced  by  integrals  over  T,     Some  assumpticn   must 
be  made  about  the  convergence  of  these  integrals.     The  restriction  of  (6?)  would 
suffice  but  is  artificial  since  L  is  in  the  interior  of  D,   the  domain  of  definition 
of  u. 

In  Theorem  1,  the  conclusion  that  the  boundary  values  of  the  remainder  solution 

R     are  less  than  0(k  )  must  be  replaced  by  the  conclusion  that  the  values  of 

N 
R     along  B„  are  of  this  order  of  magnitude, 

r. 

With  these  alterations  Theorems  6  and  7  are  valid  for  the  domain  R, 
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